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O ' Abstract 

O; 

CN , Matrix elements and spherical functions of irreducible representations of the de Sitter 

CJ ' group are studied on the various homogeneous spaces of this group. It is shown that a 

3^ • universal covering of the de Sitter group gives rise to quaternion Euler angles. An explicit 

" [ form of Casimir and Laplace-Beltrami operators on the homogeneous spaces is given. Differ- 

CN ' ent expressions of the matrix elements and spherical functions are given in terms of multiple 

hypergeometric functions both for finite- dimensional and unitary representations of the prin- 

PsJ . cipal series of the de Sitter group. Applications of the functions obtained to hydrogen atom 

^ ' problem are considered. 

(N : 

O . PACS numbers: 02.20.Qs, 02.30.Gp 

o; 

O '■ 1 Introduction 

::a: 

CLc The representation theory of the de Sitter group, and also all the questions concerning this group 
r-| ■ and the de Sitter spacetime, conies in the forefront due the recent discoveries in modern cosmology, 
"j^ , One of the most important problem in this area is a construction of quantum field theory in the 
C I de Sitter spacetime (see, for example, [2], [3, [191 EH]). As is known, in the standard quantum 
IJ ' field theory in Minkowski spacetime solutions (wave functions) of relativistic wave equations are 
expressed via an expansion in relativistic spherical functions (matrix elements of the Lorentz 
group representations) [H |2H |28l |30]. The analogous problem in five dimensions (solutions of 
5^ , wave equations in de Sitter space) requires the most exact definition for the matrix elements and 
spherical functions of irreducible representations of the de Sitter group. 

In the present work spherical functions are studied on the various homogeneous spaces of the de 
Sitter group SOo(l, 4). A starting point of this research is an analogue between universal coverings 
of the Lorentz and de Sitter groups, which was first established by Takahashi [23] (see also the 
work of Strom [22]). Namely, the universal covering of S0o(l,4) is Spin^(l,4) ~ Sp(l, 1) and 
the spinor group Spin_,_(l,4) is described in terms of 2 x 2 quaternionic matrices. On the other 
hand, the universal covering of the Lorentz group S0o(l,3) is Spin_|_(l,3) ~ SL(2,C), where 
the spinor group Spin^(l,3) is described in terms of 2 x 2 complex matrices. This analogue 
allows us to apply (with some restrictions) Gel'fand-Nainiark representation theory of the Lorentz 
group [T5l[20j to S0o(l,4). The section 2 contains a further development of the Takahashi-Strom 
analogue (quaternionic description of S0o(l,4)). It is shown that for the group Spin^(l,4) ^ 
Sp(l, 1) there are quaternion Euler angles which contain complex Euler angles of Spin_,_(l,3) ^ 
SL(2,C) as a particular case. Differential operators (Laplace-Beltrami and Casimir operators) 
are defined on Sp(l, 1) in terms of the quaternion Euler angles. Spherical functions on the group 
SOo(l, 4) are understood as functions of representations of the class 1 realized on the homogeneous 



X 



spaces of S0o(l,4). A list of homogeneous spaces of S0o(l,4), including symmetric Riemannian 
and no n- Riemannian spaces, is given at the end of section 2. Spherical functions on the group 
S0(4) (maximal compact subgroup of S0o(l,4)) are studied in the section 3. It is shown that 
for a universal covering Spin(4) ~ SU(2) (S) SU(2) of S0(4) there are double Euler angles. It 
should be noted that all the hypercomplex extensions (complex, double, quaternion) of usual 
Euler angles of the group SU(2) follow directly from the algebraic structure underlying the groups 
Spin_^_{p,q) and describing within the framework of Clifford algebras Cip^g [27]. Matrix elements 
and spherical functions of SO (4) are expressed via the product of two hypergeometric functions. 
Further, spherical functions of finite-dimensional representations of S0o(l,4) are studied in the 
section 4 on the various homogeneous spaces of S0o(l,4). It is shown that matrix elements 
of S0o(l,4) admit factorizations with respect to the matrix elements of subgroups S0(4) and 
SOo(l, 3), since double and complex angles are particular cases of the quaternion angles. In turn, 
matrix elements and spherical functions of S0o(l,4) are expressed via multiple hypergeometric 
series (the product of three hypergeometric functions). At the end of the section 4 we consider 
applications of the spherical functions, defined on the four-dimensional hyperboloid, to hydrogen 
and antihydrogen atom problems. Spherical functions of the principal series representations of 
S0o(l,4) are considered in the section 5 within the Dixmier-Strom representation basis of the de 
Sitter group S0o(l,4) [9l[22]. 



2 The de Sitter group S0o(l,4) 

The homogeneous de Sitter group SOo(l, 4) consists of all real matrices of fifth order with the unit 
determinant which leave invariant the quadratic form 



^/ \ 2 2 



Jbo 



Xa ■ 



The Lie algebra so(l,4) of S0o(l,4) consists of all real matrices 

floi Ct02 ^03 ao4 

C^Ol —0,12 ~Oi3 —0-14 

002 Ol2 —023 — 024 

003 Oi3 023 — O34 

004 Oi4 O24 O34 U 

Thus, the algebra so(l,4) has basis elements of the form 



s,r = 1, 2, 3,4, s < r. 



Lor = eor + ero, r = l,2,3,4 



where e^s is a matrix with elements {ers)pq = ^rp^sq- The basis elements 



following commutation relations: 

[-'-'fiui ^pcr\ 



(2) 

(3) 
and ([3]) satisfy the 

(4) 



9up^^a ~r y^a^vp Q^p^va Qva^^pi 

p, /i, z/, a = 0,1,2,3,4, 

where Qko = gok = Sok, Qks = Sks] k,s = 1, 2, 3, 4. SOo(l, 4) is a 10-parametric group. 

The maximal compact subgroup K of S0o(l,4) is isomorphic to the group S0(4) and consists 

of the matrices 

'1 

S0(4) 



Further, Cartan decomposition of the algebra so(l,4) and Iwasawa decomposition of the group 
S0o(l,4) have a great importance at the construction of representations of the de Sitter group 
SOo(l, 4). So, in the Cartan decomposition 5o(l, 4) = so(4) + p a subspace p consists of the basis 
elements ([3]). The group S0o(l,4) has a real rank 1. For that reason the commutative subalgebra 
a of so(l,4) is one dimensional. We can take the matrix Lo4 as a basis element of a. Therefore, 
the commutative subgroup A consists of the matrices 



cosh a sinha 

10 

10 

1 

sinh a cosh a 



< a < oo. 



(5) 



Using the relations (jlj), we verify that a nilpotent subalgebra n of so(l, 4) is defined by the matrices 
Lq2 + -^24, -^03 + -^34 and Loi + Li4. Making an exponential mapping of the subalgebra n into the 
subgroup A^, we find that the nilpotent subgroup A^ consists of the matrices 



1 + 



{r^ + s^ + t^)/2 


t 


r 


s 


-{r' + s^ + t') 


t 


1 








-t 


r 





1 





—r 


s 








1 


—s 


2 + s2+t2)/2 


t 


r 


s 


1 - (r2 + s2 + e 



(6) 



The subgroups K, A and N define the Iwasawa decomposition S0o(l,4) = S0(4) ■ NA. In 
accordance with the definition of the subgroup M of SOo(l, 4) (see, for example, [IS]), the subgroup 
M is isomorphic to SO (3). Thus, a minimal parabolic subgroup P has a decomposition P = 
S0{3)-NA. Since the rank of SOo(l, 4) is equal to 1, then there exist no other parabolic subgroups 
containing P. 

In the group S0o(l,4) there are two independent Casimir operators 



Ll + L' 



'VI 



13 



+ L' 



2 +L2 



14 



23 



+ l: 



+ -^34 ^m 



-'^02 



r2 _ 7-2 

-'^03 -^04' 



(7) 



W = {LuL 



12-^^24 



-^13-^24 + -^14-^: 



14-^^23 j 



iL^2L 



12-^^34 



-^03-^24 + Lq4L 



04-^^23 J 



— (-^01-^34 — -^03-^14 + Lq^L 



04-'^13J 



{L01L24 — L02L14 + L04L12) — {L01L23 — L02L13 + L03L 



03 -'^12 J 



(8) 



It is known that Casimir operator W is equal to zero on the representations T'^ of the class 1 [6]. 
The Casimir operator F takes the values a{a + 3) on the representations T'^. 

With the aim to obtain self conjugated operators we will consider generators J^^ 
the elements L^^ of the algebra so (1,4). In unitary representations we have J*^, 
introduce the following designations for the ten generators Jfj,u of S0o(l,4): 



iL^j, instead 
J^y. Let us 



M 
P 

N 
Po 



(Ml = J23, M2 = J31, M3 = J12), 

(-Pi = ^14, -P2 = ^24, -P3 = <^34), 
(A^l = Joi, N2 = J02, N3 = J03), 
Jo4- 



(9) 



Casimir operators of the group S0o(l,4) in this designation have the form 



F 

W 



(Po + N^ 
(M-P? 



-(P^ + M^), 
(PqM - Px Ny 



:m ■ N?. 



The generators ([H]) satisfy the following commutation relations: 

[Mfc, Ml] = ISMmMm, [Nk, Ni] = -lEMmM^, 

[Pk,Pl] = i^klmMm, 

[Mk, Ni] = ieklmNm, [Mfc, Pi] = ISklmPm, 

[Mfc, Nk] = [Mk, Pk] = [Mk, Po] = 0, (10) 

[Po,Nk] = iPfc, [Po,Pfc] = iiVfc, [Pk.Ni] = i^^Po, 

where Skim is an antisymmetric tensor of third rank, which takes the values or ±1 {k,l,m = 
1,2,3). 

2.1 Quaternionic description of S0o(l,4) 

Universal covering of the de Sitter group SOo(l, 4) is a spinor group Spin_^(l, 4) ^ Sp(l, 1) [TB|f27j. 
In its turn, Spin_,_(l,4) G Cif^, where Cif^^ is an even subalgebra of the Clifford algebra C^i,4 
associated with the de Sitter space R^'"^. Further, there is an isomorphism Cii^^ ~ C^i,3, where 
Cii^3 is a space-time algebra associated with the Minkowski space R^'^. 

In virtue of the Karoubi theorem [17], the space-time algebra C?i,3 admits the following de- 
compositioiij: 

The decomposition Cii^s ~ Cii^i (S> C?o,2 means that for the algebra C£i^3 there exists a transition 
from the real coordinates to quaternion coordinates of the form a + b(i + cC,2 + '^CiC25 where 
Ci = ei23, C2 = ei24- At this point, Cl = (2 = (6(2)^ = -1, ef = 1, e| = e| = e^ = -1. It is 
easy to see that the units (i and (2 form a basis of the quaternion algebra, since Ci ~ i, C2 ~ j, 
C1C2 ~ k- Therefore, a general element 



i=l i=l j=l i=l j=l k=l 

of the space-time algebra C?i,3 can be written in the form 

^a,,3 = «?,! + Cil.Ci + Cil,C2 + Cil,CiC2, 
where the each coefficient Ci\ ^ {i = 0, 1, 2, 3) is isomorphic to the anti-quaternion algebra C^i,o 

(7£0 _^ = a° + a^6i + a^62 + a^^6i2, 

al^ = a^^^ - a^^ei - a^^e2 - a^ei2, 

al^ = a^^^ - a^^ei + a^^e2 + a^eu, 

al, = -a34-ai34gi-a234e2 + ai234ei2. 

It is easy to verify that the units (i and (2 commute with all the basis elements of Cii^i. 
Further, let us define matrix representations of the quaternion units (i and (2 as follows: 



^This decomposition is a particular case of the most general formula CI{V(BV' , Q®Q') ~ Ci{V, Q)®Ci{V' , —Q'), 
where V and V are vector spaces endowed with quadratic forms Q and Q' over the field F, dim V is even |171 prop. 
3.16]. 

^Cfi^i is a real Clifford algebra of the type p — q = (mod 8) with a division ring K ~ K. This algebra is called 
the anti-quaternion algebra by Rozenfel'd pT| . 



Thus, in virtue of the Karoubi theorem we have 



'1,3 



Mat2{a 



l,ly 



ffO 



11 iG^i 1 uti 1 + iG^i 1 



'1,1 



u 



'1,1 



'1,1 



K 



'1,1 



Or, 



6^1,3 ^ Mat2 



l,ly 



a 6 
c (i 



a0_al34+(al+a34)i_(^l3+„4)j_^(„l4_^3)k a24-ai23 + (a23+al24)i+(ai3_a4)j+(ai4+a3)k 

a24+al23 + („i24_„23)i_(„l3+„4)j_^(„l4_^3)k a^ +a^-^^ + {a^ ~a^^)i+{a^ ~a^''3^)}+{a^'' +a^3^)k 

where i = ei, j = e2, k = ei2 are anti-quaternion units, which satisfy the relations 

i^ = -l, f = l, k2 = l, 
ij = -ji = k, ki = -ik = j, kj = -jk = i. 

In such a way, the universal covering of the de Sitter group S0o(l,4) is 



Spin+(1,4) 



a b 
c c 



e e(2) : det 



a b 
c d 



sp(i,i: 



where det 



a b 
c d 



1 means that 

ab = cd, |ap-|cp = l, M^ - |6p 



or. 



'2 |cP = l 



ac = bd, |ap-|6p = l, \d\'' 

here a means a quaternion conjugation. 

The ten-parameter group Spin_,_(l,4) ~ Sp(l, 1) has the following one-parameter subgroups: 



/gif Q 

e 2 I 



cos TT sm TT I , „N 

sm |- cos f ' 



cos 77 1 sm 7j 

• ■ ft ff 

1 sm 2 cos 2 



Pl4(0) 
^01 (^) 



COS I 1 sm ^ 

i sin I cos | 

cosh I sinh | 

sinh I cosh | ] ' 



P24UJ 



no2(e 



P04lC^j 



cos 



-j sin I 

2 



, P34(X) 



k^ 



e-k| ; ' 



cosh I isinh|\ , . _ /e2 

-isinhf coshfyl' ^03(£J-(^Q g-i 

et 

e-^y 



where the ranges of parameters (Euler angles) are 

< ^ < TT, 

< v^ < 27r, 
-27r < t/' < 27r, 



< < TT, 

< c; < 27r, 
-27r < X < 27r, 



;ii) 



—00 < r < +00, 

—00 < e < +00, 

—00 < e < +00, 

—00 < cj < +00. 



(12) 



Let us find a general transformation q of Spin^_(l,4) in tlie space of representation with the 
smallest weight (a so-called fundamental representation). In general, this form of the element 
g & G is related closely with the Cartan decomposition G = KAK, where G is a connected Lie 
group, i^ is a maximal compact subgroup of G and A is a maximal commutative subgroup of 
G. For example, the 3-parameter group SU(2) (a universal covering of SO (3)) has the following 
subgroups: 

A-=lfci 'rl)l, A=|ff « H, (13) 



1 sm I cos I / I I V e^'2 



where t = {ip,ip}- Therefore, the Cartan decomposition SU(2) = KAK of the element u G SU(2) 
is (see, for example, [32] ) 



s^u(^,e,i-)-r: ",. :"n ' y \ _,* . (w) 




where ip, 6, ip are Euler angles. 

In its turn, the 6-parameter group Spin^(l, 3) ~ SL(2, C) (a universal covering of the Lorentz 
group S0o(l,3)) is a complex extension of the group SU(2), that is, SL(2,C) = [SU(2)]^ = 
K'^A'^K'^, where K'^ and A^ are complex extensions of the groups ( iT3l) : 



^c _ J/^cosy isiuyX _ / COS | 1 siu |\ /cosh | sinh|\1 
[^ \^i sin Y cos y y \^i sin | cos | J l^sinh | cosh |y J 









A' = 

where p = {ip, ip}, q = {e, s}- Thus, the Cartan decomposition SL(2, C) = K'^A'^K'^ of the element 
flG Spin+(1,3) ~SL(2,C) is 

g = g{<p^,6^,i!^) = g{<p, e, 6, r, tp, e) = 

i sin I Y cosh | sinh | 
cos I A sinh | cosh | 




e 2 





(15) 



where 



V^"" = ¥>- ie, 



9^ = 9 -IT. 



ijj'^ = ip — ie 

are complex Euler angles. Hence it follows that the element (ITSll is a complex extension of (iT4l) . 

Further, the 6-parameter spinor group Spin(4) (a universal covering of S0(4)) due to an 
isomorphism Spin(4) ^ SU(2) SU(2) admits the decomposition Spin(4) = K'^A'^K^, where K'^ 
and A'^ are double extensions of the subgroups ( fT3l) : 



K' 

A'' 




ism I 

cos ^ 



where p = {ip,ip}, q = {'J^x}- Ii^ this case, the Cartan decomposition Spin(4) = K^A^K^ of the 
element g G SU(2) ® SU(2) is 

g = g{ip^, r, ifj^) = g{^, ^, 6, 0, tp, x) = 

cos I i sin I Y COS I i sin lye' 2 Ve's 
i sin f cos f }\i sin | cos | y\ e"^^ jv e^^t 




e'^ ycos| isinfY^'^ 
e-'^jv^^^T cosf Jl e-'^ 



(16) 



where 




^^ = 

^' = <^ + ^, ^ (17) 

are double Euler angles. It is easy to see that the element (I16p is a double extension of f lT^ . 

Finally, the 10-parameter spinor group Spin^(l,4) ~ Sp(l, 1) (a universal covering of the de 
Sitter group S0o(l,4)) is defined in terms of 2 x 2 quaternionic matrices. This fact allows us to 
introduce a decomposition Sp(l, 1) = K'^A'^K'^, where K'^ and A'^ are quaternionic extensions of 
the groups (fT3|) : 



$q . . Qq 

_ , , cos^ ism^ 



i sin Y cos y y \^i sin | cos | J \^sinh | cosh |y \^i sin | cos 



^^ 




cos I i sin |\ /cosh | sinh ^\ f cos | i sin | 



2 



\ /e'2 \ /e2 \ / e 2 



i£ „ \ / £ „ \ / k| 



e-i^y " V e-if Mo e-t M e-^2 

\ /e'2 \ /et \ /et \ /eJt 



iii - ^ -it \ n .-g n „-S n .-i* 



e"'2 / \ e"'2/ \0 e'ij \0 6^2 J \0 e~J2^ 
Therefore, the Cartan decomposition Sp(l, 1) = K'^A'^K'^ of the element q G Sp(l, 1) is 

g = q(v?^ 9'', tp") = q(¥?, e, <^, 9, r, 0, V^, e, u, x) = 



\E 



e'2 Ye2 ye 2 y cos | isin|Ycosh| sinh^y cos| isin , 
e-'2j\0 e-^)\0 e-'^VVisinf cosfylVsinhf cosh fyl^isin f cos f ^ ^ 





e"^ U \/ cos Y 1 sm Y 

• di 01 

1 sm Y cos Y 




where 




^5 = 

^^ = y^-ie+j?, )> (19) 



are quaternion Euler angled Hence it immediately follows that the element (1181) is a quaternionic 
extension of flT4l). 



2.2 Differential operators on the group Sp(l, 1) 

Let VL{t) be the one-parameter subgroup of Sp(l, 1) and let uj{t) be a matrix from the group VL{t). 
The operators of the right regular representation of Sp(l, 1), corresponding to the elements of the 
subgroup f2(t), transfer quaternion functions /(q) into i?(ti;(t))/(q) = /(qu;(t)). For that reason 
the infinitesimal operator of the right regular representation -R(q), associated with one-parameter 
subgroup Vt{t), transfers the function /(q) into '^^ at t = 0. 

Let us denote quaternion Euler angles of the element qu;(t) via ip'^ (t) , 9'^ (t) , ip'^ (t) . Then there 
is an equality 



dfiA-'it)) 



,.. = ^<^'<""'-'^ '*''""' -"^ <*'<""' 



dt 
The infinitesimal operator J^^, corresponding to the subgroup f2(t), has a form 



<? 




d^'i ^ ' '' dOi ' ^^ ^ '^ dip 

Let us calculate infinitesimal operators J^^ , J^^ , J^^ corresponding to the quaternion subgroups 
Vl\, r2|, Vl\. The quaternion subgroups Vt^ {i = 1, 2, 3) arise from the fact that all the ten parameters 
of Sp(l, 1) can be divided in three groups according the Cartan decomposition (fT8|) for the element 
q G Sp(l, 1). The subgroup ^3 consists of the matrices 

where the variable f^ has the form of quaternionic angles. Let q = c{{ip'^, 0'^, ip'^) be a matrix with 
quaternion Euler angles (the matrix ( TT8l) ) ip'^ = </) — ie + j<j, ^^ = ^ + — ir, ip'^ = ip — is — iu + hx- 
Therefore, Euler angles of the matrix qus^f^) equal to (p'^, 6'^, ip'^ = t — it — it + kt. Hence it follows 
that 

(^'(0) = 0, e'(0) = 0, uj'{0) = -i, ^'(0) = 0, 0'(O) = 0, r'(0) = 0, ^'(0) = 1, 

£'(0) = -i, ^'(0)=j, x'(0) = k. 

So, the operator J^^, corresponding to the subgroup Q^, has the form 

^n d . d . d , d , , 

Whence 

d d d d 

^3 = ^, N, = -^, P3 = ^, Po = ^- (21) 

dip oe ox ouj 

Let us calculate the infinitesimal operator J^^ corresponding to the quaternion subgroup Vl\. 
The subgroup Vt\ consists of the matrices 

/ cos ^ i sin ^ 
yi sm Y cos y 



^Quaternion Euler angles of Spin_|_(l,4) ~ Sp(l, 1) contain complex Euler angles 9"^ = 9 — \t, ip'^ = ip — ie, 
^'^ = -0 — ie of the group Spin_,_(l, 3) c± SL(2, C) as a particular case (for more details see [30]). 

8 



The Euler angles of these matrices equal to 0, f? = t + et — it, 0, e is the double unit. Let us 
represent the matrix qco'i(t'^) by the following product: 

/ COS Y^ ^ 1 sm Y^ 2 \ / cos y i sm y 

quji{t ) = I _ 0,1-^1) „g f^q+^ ] \ . . t" ti 

yism^e 2 cos^e 2 y ysmy cos ^ 

Multiplying the matrices on the right-side of the latter expression, we obtain 

cose\t) = cos ^"^ cos t^- sin ^« sin t"? cos V''', (22) 

i</3«(t) i^9 sin 6''^ COS t'' + COS 6*"^ sin t'' COS '?/;'' + i sin f^ sin '?/''' 






i^i(t)+i,i(t)] . ^1 COS Y COS 15-e 2 — sm ^ sm 15-e ' 2 
e' ^ = e'^ ^ '- -jj-^ ^ . (24) 



cos ■ 



For calculation of derivatives y?'(t), e'(t), uj'{t), 9'{t), 0'(t), r'^t), ^'{t), e'{t), q'{t), x'(t) at t = 
we must differentiate on t the both parts of the each equality from fl22|) - (!24|) . At this point, we 
have ip{0) = if, e(0) = e, . . ., x(0) = X- 

So, let us differentiate the both parts of ( l22l) . As a result, we obtain 



- sin e'^it) [9'{t) + e0'(t) - ir'(t)] = - cos ^^ sin t^(l + e - i) - sin 9'^ cos t^ cos V^^(l + e - i). 
Taking t = 0, we find that 

^'(0) + e0'(O) - ir'(O) = cosV^«(l + e - i). 

Whence 

^'(0) = cosV^^ 0'(O) = cost/;^ r (0) = cos^^^. 

Differentiating now the both parts of fl23j) and taking t = 0, we obtain 

'fn\ ■ 'fn\ , • 'fn\ sin ^^^(1 + e - i) 
^ (0) - le (0) +j, (0) = — ^^ . 

Therefore, 

sinV'5 sin^'^ sin?/''? 

¥^(0) = ^^^' ^(0) = ^^7' ^(0) = ^^7- 
sm u'^ sm t7'^ sm c?*? 

Further, differentiating the both parts of i^^ and taking t = 0, we find that 



^''(O) - k'(0) - icu'(O) + Jx'(O) = (-1 - e + i) cot O'' sin ip'^ 

and 

^'(0) = e'(0) = x'(0) = - cot e^ sin t/''?, cj'(O) = 0. 

In such a way, we have 

J2^ = Mi + Pi-iAri, (25) 

where 

Ml = cos^-?— + -^— -cot^'^siuT^V ' (26) 

d9 sm 91 dip dip 

Ni = cosr-^ + ^-^^-cot9^simP^^, (27) 

or sm e^*^ oe as 

Pi = costA'^— + — ^--cot^^sin^V (28) 

0(p 811191 oq ox 



Let us calculate now an infinitesimal operator J^^ corresponding to the quaternion subgroup 
^2- The subgroup Ql consists of the matrices 

cos 15- - sm 15- 
sm -J cos y 

where the Euler angles equal correspondingly to 0, f^ = t — it + jt, 0. It is obvious that the matrix 
qu!2it'^) can be represented by the product 

cos ^e 2 1 sm -je 2 \ / cos y — sm y 

ism^e 2 cos^e 2 y ysmy cos y 

Multiplying the matrices on the right-side of this equality, we see that Euler angles of the product 
C{uj2{t'^) are related by the formulae 

cos^«(t) = cos^'^cost^ + sin^^sint^sinV''?, (29) 

\,ni(i\ :,„g sin ^'^ COS f — COS ^'^ sin t'' sin ?/^'' + i sin t'' COS 'j/''^ ,„„, 

giv w = giv ^ ^ ^ "^ — , (30) 

sin^9(t) ' ^ ' 

nq j^q ii>^ ■ 01 ■ f -\i!L 

., [vi(t)+^'Ht)] .^9 COS ^ COS 15- e 2 +sm^sm^e '2 

e' ^ = e'2 ^ ^ ^-^ ^ . (31) 

cos —^ 

Differentiating on t the both parts of the each equalities (p9|) - (!3T|) and taking t = 0, we obtain 

^'(0) =r'(O) = 0'(O) = -sinV'^ 

^'(0) = e'(0) = ,'(0) = ^, 

^'(0) = £'(0) = x'(0) = - cot 9'i cost/''?, cj'(O) = 0. 

Therefore, for the subgroup ^2 we have 

J^^=M2-iiV2+jP2, (32) 

where 

M2 = -sinV^^- + — ^— -cot^^sin^" — , (33) 

o9 cos 91 dip dip 

N2 = -smi:'^^ + ^-^^-cot9^cosr^, (34) 

or smfc^^ ae oe 

P2 = -sinV'^— + — ^---cot^'^cos^V (35) 

0(p smfc''' (7^ ax 

Let us introduce an auxiliary quaternion angle ipf = ip — ie + 'kx- It is easy to see that ip'^ = ipl — iuj; 
therefore, ipl is the part of ip'^. Further, taking into account expressions fl2Tl) . fl26l) - fl28l) and fl33l) - 
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(15^ . we can rewrite the operators (12U1) . (1^ . (1521) in the forno 



J^ = cOS7/^'?^r- + — ^^^ cot 0-? sin V'" 777^, (36) 

,^ <9 cos^'' 9 ^^ ,„ d ,„„, 



dd'i sm 6*9 5v99 ^ 5?/'? 

(9 cos^'' 9 ^„ ,„ d 

\ — cot6''?cos?/;^-— „ 

dO'i sin ^9 d^q ^ d^l 

''- = ^- P«) 

J2 = cos^''^ + ^- cot^'^sinV'^— U, (39) 

Jl = -sinV'^4- + ^^^^-cot^'?cosV^«^, (40) 

■^^3 = :^. (41) 



where 



aV'?' 



9 _ 9 a . 9 _9_ 

909 ~ 90 ^90 ^^9^' 909 

9 9.9.9 9 



9 .9 .9 ,9 



9 


9 


. 9 




90 
9 


90 
.9 


^9r' 
.9 




9^ 


. 9 


•^9<^' 
. 9 


, a 


9 


'9£ 
. 9 


, 9 


■^x 


9^^ 


'9£ 


Sx- 





9'09 9^) 9e 9c<j 9x' 9'?/'9 

9 9.9,9 9 
^ i_ j i_ j^ 

dipl dip de dx' dipf 

Using the expressions (I36 l) -( l38l) . we see that for the first Casimir operator F of the group SOo(l, 4) 
there exists the following equality: 

-F = -P^ - N^ + P^ + M^ = {J^J' + {J^J' + {JX)\ 

Or, 

^92 ^9 1 92 2COS09 92 2^„ 92 92 
- F = ^ + cot 0^- \ ^ — - — ^ ^ — - — -—; + cot^ 09 H -. (42) 

Matrix elements t^n(l) = ^mn(v''^5 ^''5 ^'') of irreducible representations of the group S0o(l,4) 
are eigenfunctions of the operator fH2l) : 

[_F + ^(^ + 3)]9jr;;„(q) = o, (43) 

where 

^^mnic\) = e-'('"^'+"W-'-»3;;„(cos0''), (44) 

since ip^ = ipl — \uj. Here, 97t^„(q) are general matrix elements of the representations of SOo(l, 4), 
and 3mn(cos0'^) are hyper spherical functions. Substituting the functions (jH]) into fH3|) and taking 
into account the operator fj42|) . we arrive at the following differential equation: 

d23^„(cos09) ,.„rf3^„(cos09) m2 2mn COS 09 . 



_^^^^^,^^,n^i^ — ^ - -T^3;;.(cos0'') + ■ ,. 3;;„(cos0'^)- 

(209 sm 09 sm 09 

- ^2 cot^ 093;;jcos0«) - n23;;jcos0^) + a{a + 3)3;;„(cos0'^) = 0, 



^These operators look like as SU(2) type (or SU(2) SU(2) type) infinitesimal operators. However, it is easy 
to verify that they do not form a group, since ^j)'^ ^ ipf. 
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or 



d^ 



dei^ dei 



d m + n — 2mn cos 9'^ 



+ a((T + 3) 



After substitution z = cos 6"^ this equation can be rewritten as 

9, (i^ c? m'^ + n"^ — 2mnz 



3^,„,(cos^«) = 0. 



rmM) = 0. 



(45) 



The latter equation has three singular points — 1, +1, cxd. It is a Fuchsian equation. Indeed, 
denoting w{z) = 3mni^)j ^^ write the equation (H5l) in the form 



d'^w(z) , ^dw(z) / X / X 



dz^ 



where 



p{z) 



2z 



-> (l{^) 



dz 



a{a + 3)(1 — z'^) — m? —n^ + 2mnz 



il-z){l + z)' ^' ' (1-^)2(1 + ^)2 

Let us find solutions of ( l46l) . Applying the substitution 

\-z 



t 



we arrive at hypergeometric equation 



w{z) = t^^(l - t)^^v{t), 



d V dv 

t(l - t)— + [c-{a + b+ l)t]— - abv{t) = 0, 



where 



(46) 



(47) 



a 

b 
c 



a + 3 -\ — [I'm — n\ + |m + n|), 

—<T H — {\m — n\ + |m + ra|), 
\m — n\ + 1. 



Therefore, a solution of (H7|) is 



, a,b 
v{t) = C,2F,' 

' c 



t + C2t'-^F^ 



b — c+ l,a — c+ 1 
2-c 



Coming back to initial variable, we obtain 



w{z) = Ci 



1- z 



m-\-n\ 

l + z^^ 



X2F1 



2 / V 2 

cr + 3 + |(|m — n| + \m + n\), — cr + i(|m — n| + |m + n|) 

\m — n\ + 1 

i + nl 



1 -z 



C, 



1-z 



1 + z 



X2FI 



2 / V 2 

-a + ^{\m + n\ — \m — n\),a + 3 + ^{\m + n\ — \m — n\) 

1 — Im — n\ 



1 - z 



(4J 
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Thus, from (HSj) it follows that the function 3mn can be represented by the following particular 
solution: 



3^„(cos^«) = Ci sinl'"-"! ^ cosl™+"l ^x 

a + 3 + ^{\m — n\ + \m + n\), —a + ^{\m ~ n\ + \m + n\) 

^ 2^1 I I 1,1 

\m ~ n\ + 1 



QQ 

sin^-). (49) 



In section 4 and 5 we will give more explicit expressions for the functions 3mn(cos^'') via the 
multiple hypergeometric series. 

Finally, using the formulae fl5I?l) - fHT]) . we can obtain the same differential equation for the 
function 'b'fnhi'^'^^ ^'^) ■ ^^ the calculations in this case are analogous to the previous calculations 
for3;;„(cos^'?). 

2.3 Homogeneous spaces of SOo(l, 4) 

Before introducing the spherical functions on the group S0o(l,4) it is useful to give a general 
definition for spherical functions on the group G. Let T{g) be an irreducible representation of 
the group G in the space L and let if be a subgroup of G. The vector ^ in the space L is called 
an invariant with respect to the subgroup H if for all /i G if the equality T{h)^ = ^ holds. The 
representation T{g) is called a representation of the class one with respect to the subgroup H if 
in its space there are non-null vectors which are invariant with respect to H. At this point, a 
contraction of T{g) onto its subgroup H is unitary: 

{T{h)^,,T{h)^,) = {^„^,). 

Hence it follows that a function 

fig) = iTig)r,,^) 

corresponds the each vector rj E L. f{g) are called spherical functions of the representation T{g) 
with respect to H. 

Spherical functions can be considered as functions on homogeneous spaces TW = G/H. In its 
turn, a homogeneous space A4 of the group G has the following properties: 

a) It is a topological space on which the group G acts continuously, that is, let y he a point in Ai, 
then gy is defined and is again a point in A^ {g G G). 

b) This action is transitive, that is, for any two points yi and y2 in Ai it is always possible to find 
a group element g & G such that ?/2 = gyi- 

There is a one-to-one correspondence between the homogeneous spaces of G and the coset spaces 
of G. Let Hq be a maximal subgroup of G which leaves the point yo invariant, hyo = yo, h E Hq, 
then Hq is called the stabilizer of y^. Representing now any group element of G in the form 
g = gch, where h E Hq and gc G G/Hq, we see that, by virtue of the transitivity property, any 
point y E A4 can be given hj y = gchyo = gcV- Hence it follows that the elements gc of the 
coset space give a parametrization of A^. The mapping Ai ^^ G /Hq is continuous since the group 
multiplication is continuous and the action on M. is continuous by definition. The stabilizers H 
and Hq of two different points y and yo are conjugate, since from iiofl'o = fl'o, Z/o = fl'~^Z/, it follows 
that gHQg-^y = y, that is, H = gHQg'^. 

Coming back to the de Sitter group G = S0o(l,4), we see that there are the following ho- 
mogeneous spaces of S0o(l,4) depending on the stabilizer H. First of all, when H = the 
homogeneous space A^io coincides with a group manifold ©lo of S0o(l,4). Therefore, ©lo is a 
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maximal homogeneous space of the de Sitter group. Further, when H = Q'i, where f2^ is a group 
of diagonal matrices 




the homogeneous space Ai^ coincides with a two-dimensional quaternion sphere S2, Aie = Sf ~ 

Sp(l,l)/fi^. 

We obtain the following homogeneous space A^4 when the stabilizer H coincides with a max- 
imal compact subgroup K = S0(4) of S0o(l,4). In this case we arrive at the upper sheet of a 
four-dimensional hyperboloid 7VI4 = H^ ~ S0o(l,4)/ S0(4). The upper sheet H^ of the two- 
sheeted hyperboloid H^ can be understood as a quotient space S0o(l,4)/ S0(4). Indeed, let us 
consider the upper sheet H^ of H^: 

-Oi '. Xq — X-^ — X2 — ^3 — X^ ^ 1, Xq ^ U V y 

and the point x° = (1,0,0,0,0) on H^. The group S0o(l,4) transfers the hyperboloid H^ into 
itself. Besides, for any two points x' and x" of H^ there is such an element g G S0o(l,4) that 
gx' = x", that is, S0o(l,4) is a transitive transformation group of the homogeneous space. The 
set of elements from S0o(l,4), leaving the point x° invariant, coincides with the subgroup S0(4). 
Therefore, H^ is homeomorphic to the quotient space SOo(l, 4)/ S0(4). It should be noted that a 
four- dimensional Lobatchevski space C^, called also a de Sitter space, is realized on the hyperboloid 
Hfi 

In the case Xq — x1 — x^ ~ x^ — x^ = we arrive at a cone C^ which can also be considered as 
a homogeneous space of S0o(l,4). Usually, only the upper sheets H^ and C^ are considered in 
applications. 

The following homogeneous space A^s of S0o(l,4) is a three-dimensional real sphere S^ ~ 
SO(4)/SO(3). In contrast to the previous homogeneous spaces, the sphere S^ coincides with a 
quotient space S0o(l,4)/P, where P is a minimal parabolic subgroup of S0o(l,4). From the 
Iwasawa decompositions S0o(l,4) = KNA and P = MNA, where M = S0(3), A^ and A are 
nilpotent and commutative subgroups of S0o(l,4), it follows that S0o(l,4)/P = KNA/MNA ~ 
i^/M ~SO(4)/SO(3). 

A minimal homogeneous space A^2 of S0o(l,4) is a two-dimensional real sphere S"^ ~ 
SO(3)/SO(2). 

Taking into account the list of homogeneous spaces of SOo(l, 4), we now introduce the following 
types of spherical functions /(q) on the de Sitter group: 

• /(q) = OJt^„(q) = e" ""''''' 3m„( cos 6''')e"'"'^''. This function is defined on the group manifold 
©10 of SOo(l, 4). It is the most general spherical function on the group SOo(l, 4). In this case 
/(q) depends on all the ten parameters of S0o(l,4) and for that reason it should be called 
as a function on the de Sitter group. An explicit form of 2Jt5^„(q) (respectively OK^^(q)) 

for finite-dimensional representations and of 27lmn '°(q) (resp. OJt^^ "(l)) for infinite- 
dimensional representations of S0o(l,4) will be given in the sections 4 and 5, respectively. 



^When the stabilizer 7J is a compact group, the homogeneous space Ai = G/H is called a Riemannian symmetric 
space '16]. When if is a non-compact group, we arrive at the non- Riemannian spaces. The homogeneous space 
Me = 5| ^ Sp(l, l)/ri?, is the non-Riemannian space, since the stabilizer H = fl'L is non-compact subgroup of 
Sp(l, 1). Quaternion and anti-quaternion spheres were studied by Rozenfel'd [2T] . 

^It is obvious that among the all homogeneous spaces of S0o(l,4) the space H^ is the most important for 
physics. In accordance with modern cosmology, H^ is understood as a space-time endowed with a global topology 
of constant negative curvature (the de Sitter universe). 
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f{ip'^,9'i) = DJV^ {ip'^ , 9'^ , 0) = e~"^''3™(cos6'^). This function is defined on the homogeneous 
space A4q = Sg ~ Sp(l, 1)/Ql, that is, on the surface of the two-dimensional quaternion 
sphere ^f. The function DJV^{ip'^,9'^,0) is a five-dimensional analogue of the usual spher- 
ical function Yi"^{(f,9) defined on the surface of the real two-sphere 82- In its turn, the 
function f{i^'^,9'^) = dJIV^{ip'^,9'^,0) is defined on the surface of the dual quaternion sphere 
Si An explicit form of the functions ajl™(v?^^^0) (9Jl™(0^ ^^ 0)) and 9Jl™3^. , (v^^ ^^ 0) 

(5[)T™3_. [if'^, 9'^, 0)) will be given in the section 4 and 5. 

f{e,T,e,uj) = 97l^„(e,r,5,cu) = e'™^«P^„(coshr)e'"(^+'^). This function is defined on the 
homogeneous space M.^ = H^ ~ SOo(l,4)/SO(4), that is, on the upper sheet of the hy- 
perboloid x^ — xf — x^ — xl — xl = 1. An explicit form of the functions 3Jl^^(e,r, e,u;) 

3 • 3 • 

(071^^ (e, r, e, u)) and DJlmn (e, t, e, u) (9?l^^ (e, t, e, u)) will be given in the section 4 and 
5. 



. f{f,9,^) = OJi;„(<^,^,^) = e-'-'^P^„(cos^)e--^ (or /(^,0,x) = mt;;„(^,0,x) = 
e~'™'^P^„(cos0)e~'"^^). This function is defined on the homogeneous space Ai^ ~ S*^ = 
S0(4)/ S0(3), that is, on the surface of the real 3-sphere xl + xl + xl + x^ = 1. In essence, 
we come here to representations of S0o(l,4) restricted to the subgroup S0(4). 

. f{if,9) = mr{v,9,0) = e-'™'^P™(cos^) ~ rr(v^>^) (or /(^,0) = 2K™(^,0,O) = 
e~'™'^P™(cos0) ~ Y^{q,(f))). This function is defined on the homogeneous space A^2 = 
S"^ ~ SO(3)/SO(2), that is, on the surface of the real 2-sphere S^. We come here to the 
most degenerate representations of S0o(l,4) restricted to the subgroup S0(3). 

3 Spherical functions on the group SO (4) 

As is known, the group S0(4) is a maximal compact subgroup of S0o(l,4). S0(4) corresponds to 
basis elements M = (Mi, M2, M3) and P = (Pi, P2, P3) of the algebra so(l, 4): 

[Mfc, Ml] = ieklniM^, [Mfc, Pi] = ISklmPm, [Pk, Pi] = ISklmM^. (51) 

Introducing linear combinations V = {M + P)/2 and V' = {M — P)/2, we obtain 

[Vk, Vi] = i£fc/™Kn, K, Vi'] = iski^V'^, (52) 

The operators V and V' form bases of the two independent algebras so (3). It means that SO (4) 
is isomorphic to a direct product SO (3) ® SO (3). 

A universal covering of SO (4) is Spin(4) ~ SU(2) ® SU(2). The one-parameter subgroups of 
Spin(4) are 

/ p ~2 \ / POS — 1 SI T1 




6 2/ V 1 sm I cos I 



/ N /e'2 \ .,. /cosf isin| 



where 



e-'ty ^--^^^ Visinf cos f 



0<^<7r, O<0<7r, 

< v^ < 27r, < c^ < 27r, 

-27r < V < 27r, -27r < x < Svr. 
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A fundamental representation of the group Spin(4) ~ SU(2) ® SU(2) is defined by the matrix 

(USD. 

On the group SO (4) there exist the following Laplace-Beltrami operators: 



y2 

2 



v^ + vi + v^ 



v 



n'i 



rl2 



4 

,2^1 

4' 



[M' 



2MP] 



VI" + V2" + 1/f = ^(M^ + p2 _ 2MP). 



(53) 
(54) 



At this point, we see that operators 053p . (1541) contain Casimir operators M'^ + P^, MP oi the 
group SO (4). Using expressions (IT7|) . we obtain a Euler parametrization of the Laplace-Beltrami 
operators, 



d^ 



r/2 






cot6'^— -H ^— 

90^ sin^ ^<^ 



92 



. +cotr4- + ^^ 



92 



2C0S6' T^-TT— + 



c^V^'^ 9V^^ dijj- 



e2 



(90 



oe2 



2cosr 



d d 



+ 



d' 



a. 1 



dip'' dip'' dip 



e2 



(55) 



Here, 9'' = 9 — cf), ip'' = ip — <;, ip'' = ip — X are conjugate double angles. 

Matrix elements t^^nid) — ^mniv^ ^ ^'^ ^ i^'^) ^^ irreducible representations of the group S0(4) 
are eigenfunctions of the operators flS^ . 

[v' + i{i + i)]ml^{^^,9^,r) = 0, 

'v'' + i{i + i)\mU^\9^r) = 0, (56) 

where 






-i{m(p'^+n^'^) -^l 



fcosr 



^i{rn^^+nr);^i f^QsQey 



(57) 



Here, Tl''^^{g) are general matrix elements of the representations of S0(4), and 3m„(cos6''^) are 
hyperspherical functions oi SO (4). Substituting the functions fl571) into fl56l) and taking into account 
the operators fl55l) and substitutions z = cos 6*^, z = cos^^, we come to the following differential 
equations: 



rf2 



„ d m^ -\- v? — 2mnz ,,, ,, 
li - ^-Jt^ - 22:- ^ ^ + /(/ + 1) 

dz"^ dz 1 — z"^ 
I - 2')— - 2z— , + /(/ + 1) 



■^^ iz') 



dz^ 



dz 



l~z' 



3' 

-Urn 



0, 



0. 



(58) 
(59) 



The latter equations have three singular points —1, +1, 00. The equations (|58|) . (|59|) are Fuchsian 
equations. Indeed, denoting w{z) = 3mn(-2)? ^^ write the equation (|58|) in the form 



d'^w(z) , .dw(z) / \ / N 

^^ -pW— 7^ + g(^)«^(2;) 



dz 



0, 



(60) 



where 



p(2;) 



2z 



q{z) 



l{l + 1)(1 — z'^) — m^ — n^ + 2mnz 

ii-zYii + zY • 
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The solution of (p7]) is 



\m-\~n 



X2F1 



2 / V 2 

/ + l + |(|?Ti — n| + \m + n\) , —I + ^{\m — n\ + \m + n\) 

Im — n\ + 1 



l-z 



+ 



+ C2 



l-z 



\m-\~n\ 

' ^1 + z^ ~^^ 



Xsi^i 



2 / V 2 

-/ + i(|m + n| — |m — riDj/H-l + ldm + nl — \vti — n\) 

\ —\rfi — n\ 



1 - z 



(61) 



It is obvious that a solution of fl59l) has the analogous structure. 

Let us now consider spherical functions f{g) and homogeneous spaces M. = S0(4)/if of the 
group S0(4) depending on the stabilizer H. First of all, when H = the homogeneous space Mq 
coincides with a group manifold ^q of SO (4). Therefore, Rq is a maximal homogeneous space of 
the group SO (4). Further, when H = Q'^, where fl^ is a group of diagonal matrices 




the homogeneous space A^4 coincides with a two-dimensional double sphere 5*1, A^4 = 5*1 ~ 
Spin(4)/i7^. The sphere S'2 can be constructed from the quantities Zk = x^ + ei/k, Zk = x^ — ei/k 
{k = 1, 2, 3) as follows: 



s:; 



2,2,2 

^1 + ^2 ~r ^3 



x^ + y^ + 2exy 



where e is a double unit, e^ = 1. The conjugate (dual) sphere 5*1 is 



S^ 



* 2 I * 2 I * 2 
2:1 +2:2 + Z3 



2 I 2 
X +y 



2exy 






(62) 



(63) 



We obtain the following homogeneous space Ai^ when the stabilizer H coincides with a subgroup 
S0(3). In this case we have a three-dimensional sphere A4s = 5*^ ~ SO(4)/SO(3) in the space 



Finally, a minimal homogeneous space AI2 of SO (4) is a two-dimensional real sphere S'2 ~ 
SO(3)/SO(2). All the homogeneous spaces of S0(4) are symmetric Riemannian spaces. 

Taking into account the list of homogeneous spaces of SO (4), we now introduce the following 
types of spherical functions f{g) on the group S0(4). 

• fid) = ^mnid)- This function is defined on the group manifold ^e of S0(4). It is the 
most general spherical function on the group S0(4). In this case f{g) depends on all the 
six parameters of SO (4) and for that reason it should be called as a function on the group 
S0(4). 



S!; ~ 



f{ip'^,6'^) = WVp{ip^,6'^,0). This function is defined on the homogeneous space Ai^ 
SO(4)/r2^, that is, on the surface of the two-dimensional double sphere 82- The function 
S[)T™(V2^, 9^, 0) is a four- dimensional analogue of the usual spherical function Yi"^{ip, 6) defined 
on the surface of the real two-sphere S'^. In its turn, the function /(0^, O'^) = VJVp{ip'^, 6^, 0) 

is defined on the surface of the dual sphere S^. 
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• f{ip,e,ip) = e-'™^P^„(cos^)e-''^'^ (or /(^,0,x) = e-''^^P^„(cos0)e-''^x). This function is 
defined on the homogeneous space A^s ~ S''^ = S0(4)/ S0(3), that is, on the surface of the 
real 3-sphere x^ + xf + x^ + xf = 1. 

• f(^^e) = e-'^'^Pr {cos 9) ~ Yl^{ip,e) (or /(^, 0) = e-^'"^P;'^(cos0) ~ ^,"^(^,0)). This 
function is defined on the homogeneous space A^2 = 5*^ ~ SO(3)/SO(2), that is, on the 
surface of the real 2-sphere S"^. We come here to the most degenerate representations of 
S0(4) restricted to the subgroup SU(2). 

First, let us consider spherical functions f{g) = Tl''^^{g) = e~^"^'^''y^^{cos9'^)e~^"'^^ on the 
group manifold Aq of SO (4). The Laplace-Beltrami operators Ai{^q) and A^(^6) are coincide 
with dSSD and §^. Spherical functions of_the first type f{g) = 93TL(^) (/(^) = ^Lhid)) 
are eigenfunctions of the operator Al{Kq) {A^{^q)). With the aim to find an explicit form of 
hyperspherical functions on y^^{cos9'^), we will use an addition theorem for generalized spherical 
functions P^„(cos6') of the group SU(2) [31] : 

I 

e-Km^+n^)pi^^^^ose) = J2 e~''^^PU^ose,)PUcose2), (64) 

k=-l 

where the angles ip, ip, ^, ^i, f2, O2 are related by the formulae 

cos 6 = cos 9i cos 02 — sin 9i sin 62 cos ip2, (65) 

;^ sin ^1 cos 6'2 + cos 611 sin 6'2 cos (/92 + i sin ^2 sin (y92 ,^^, 

e^ = r-^ , (66) 

i(y+v.) COS -:f COS -4-e 2 — sm -J- sm -^e 2 
e^^ = ^ ^ ^ — ^ ^ . (67) 

cos 2 

Let cos(6' + 0) = cos 6''^ and ip2 = 0, then the formulae fl65|) - fl671) take the form 

cos 6^ = cos 6 cos — sin ^ sin 0, 
sin ^ cos + cos 6* sin 



=1'/' 



sin 6'^ 



i(¥>+^) cos ^ COS ^ — sm T^ sm ^ 

P 2 ^ ± - i — = 1 

COS -j 



Hence it follows that ip = tp = and the formula flM|) can be written as 



« 



3L(cosr) = ^ Pi,(cose)PL(cos0). (68) 



-I 



3m„(cos6'^) are hyperspherical functions of the group S0(4)l|. Using an explicit expression for the 



^The functions 3mn(cos0'^) and 3jhn(cos^'^) form a representation of the type {1,0) © (0,Z), that is, when 
I =^ I. In the case of tensor representations, when I ^ I, we arrive at the functions 3m„-mn(cos6''^,cos0'^) — 
3Ln(cos^'^)35hn(*^os^'^) {generalized hyperspherical functions o/SO(4)), which can be expressed via the product of 

the two generahzed hypergeometric functions 3F2 

\ d,e 



In the case of Lorentz group, general solutions 



of relativistic wave equations for arbitrary spin chains (tensor representations) are defined via an expansion in 
generalized hyperspherical functions 3mn-mn(cos^'^,cos^^) of S0o(l,3), where 6'^, 9'^ are complex Euler angles of 
Spin^.(l,3) ~SL(2,C) [28]. 
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function P' 



mn 



, we obtain 



3L(cos^^) = J2 i™+"-2Vr(/ - m + i)r(/ + m + i)r(/ -k + i)r(/ + k + i] 



X 



k=-l 



cos2'-tan'"-'=-x 



min{l~m,l+k) 

E 



i^J' tan^-?' 



e 



T{j + l)r(/ - m - j + l)r(/ + k-j + l)T{m - k + j + I] 



■X 



j=max(0,fc— m) 

v/r(/ - n + l)r(/ + n + l)r(/ -k + l)r(/ + A; + l) cos^' I tan"-^ 



■X 



E 

s=niax(0,A;— n) 



i^"* tan^"* 



r(s + l)r(/ -n-s + 1)T{1 + k-s + l)T{n -k + s + 1)' 



(69) 



On the other hand, the function y^^{cos9'^) can be expressed via the hypergeometric function. 
Using hypergeometric-type formulae for P^„ [31], [30] , we have at m > n 



3L(<=osr) = i" 



■r(/ + ,„ + i)r(i-n + i) g^^^ 

r(/-m + l)r(/ + n + l) 2 2 



X2F1I 



m — I, —k — I 
m — k + 1 



y tan'"-'=-tan^-"^x 
^^2 2 

k=-l 

^9\ fk-l,-n-l 
tan^ - hi^i 

2 r \ k-n + l 



tan 



m > k, k > n; (70) 



3L(cosr) 



'l^i±^^i±lM^^cos-^os-^x 
r(/-m + l)r(/ + n + l) 2 2 



E' 

k=-l 



^m+n-2k ^g^^m-k ^ ^^^n-k ^^ 



X2F1 



and at n > m 



m — I, —k — I 
m — k + 1 



tan^- I2F1I 



2 2 

n — I, —k — I 
n — k + 1 



tan 



m > k, n > k] (71) 



3L(cosr) = i'- 



■r(/-,n + l)r(/ + n + l) g^^^ 

r(/ + m+l)r(/-n + l) 2 2 



9 



^tan^-^^tan^-'^-x 



X2i^l 



k — I, —m — I 
k — m + 1 



k=-l 

9 



2 2 

n ~ L —k — I 



-'-'i)=^H „_, + ! 



— tan^ — 1 , k > m, n > k] (72) 
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3L,(cos^^ 



T(/-m + i)r(/ + n + i) ^,e_ 2,^ 

r(/ + m + l)r(/-n + l)''°' 2""°' 2 



k=-l 



2 2 



X2i^l 



k — I, —m — I 
k — m + 1 



- tan^ - Ui^i 



k — I, —n — I 
k — n + 1 



tan^ — j , k > m, k > n. (73) 



By way of example let us calculate matrix elements DJl^^^{g) = e~''"'^''3mn(cos6''^)e~'"'^'' at / = 
0, 1/2, 1, where Smnlcos^'^) is defined via fpUl) or fl70]) - fl75]) . The representation matrices at 
/ = 0, -5, 1 have the following form: 



To{^',9',r) = l, 



(74) 



Tl(<^^r,V'^ 




62^ 



3%_ie 



i,'.= 



'^^3%ie- 



62 

e~2 



'^^3!.e- 



i^^ 



ie~2 



COS ^6 2''' 

smYe2''^ 



162'' 

e~2'' 



sm yC 2'^ 

COS ye 2 V' 



r 9 </> 

[cos 2 COS I 



sm 2 sm IJ e 
i [cos I sin I + sin | cos |] e 



i(¥>+<;+V'+x)) 



i [cos I sin I + sin | cos |] e 



i('P+T-'/'-x) ' 



'(-■P-'^+'/'+x) 



[cos I COS I — sin I sin |] e 



-i(ip+.;+i/'+x) I ; 



(75) 



Ti{v',o',r 






■e'^^3ii_ie'^^ 



e"^3iio e''^3 



i'^'^tJl 



-11': 



-iV''^ 



J 00 

-ii/j^Tl 
JlO 



-iV''= 



3Sie 



( e'^' cos2 f e''^' ^e'^'sinr -e'"^' sin^ f e-'^'\ 
^sin^e'^' cos^*^ ^sin^e-^^' 

e-'^' sin^ f e^'^' ^e-'^'sin^ e"'"^' cos^ f e"''^' y 



V 



I \ 



\ 



cos2 % cos2 #- ""y"'^ +sin2 f sm2 |lei(^+T+V.+x) 



-jj (cos e sin </>+sin 9 cos <A1 1 pHV'+x) 



^= (cos Q sin (/)+sin 9 cos </>) £■ 



cos y cos 0— sin y sm <; 



i{v+T) 



^ + Siil9|iiii£+sin2 |cos2 IjeH-v-'^+V'+x) [ ^ (cos6lsin(/.+sin6lcos0)l e-'('P+';) 



- [cos2 f sin2 | + £iil«|ia^+sin2 | cos^ |]e'(^+^-'/'-x) 

[-j= (cos e sin 0+sin 6* cos </))! e-'('/'+'') 
[cos2 I cos2 |-.£Hi^Hi^+sin2 | sin^ IJe-Hv'+^+V'+x) 



• (76) 



Spherical functions of the second type /(v?*^, 6**^) = 5[)TJ"(v9'^, 6**^, 0) = e "™'''''3/"(cos6'^), where 

3r(cos^^) = 5^ Pi,(cos^)P,'=(cos0) 

k=-l 
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is an associated hyperspherical function, are defined on the surface of the double 2-sphere (1621) . 
The function ^]^{cos6'^) is an eigenfunction of the Laplace- Beltrami operator Ai(5'|) defined on 
the double 2-sphere, 

d^ d 1 d"^ 



89^^ 09'' 

Hypergeometric-type formulae for 3r(cos^'^) are 



sin^ 9^ 5v9^2 



3r(cosr 



T(/ + m + l) 
r(/-m + l) 



i™4 / ly. ' "" ' ^! cos^' - cos^' 



IE 



tan*" 



k=~l 



- tan — X 
2 2 



X2F1 



m — I, —k — I 
m — k + 1 



tan^- hi^il 



k-l,-l 
k + 1 



tan^ — 1 , m> k\ 
2 ' ~ 



3r(cosr) 



—7- cos^' - cos^' - 

r(/ + m + l) 2 2 



i 



X2F1 



k — I, —m — I 
k — m + 1 



tan" 







- tan — X 
2 2 



tan" - bi^i 



k-l,-l 
k + 1 



tan — 
2 



k > m. 



We obtain an important particular case from the previous formulae at m = n = 0. The function 
3i(cos^^) = 3oo(cos6'^) is called a zonal hyperspherical function. The hypergeometric-type formula 
for 3/ (cos 6''^) is 



3/(cosn =cos2'^cos2'| E i^^an^^tan^ 



■X 



X2F1I 



k-l,-l 
k + 1 



tan^ - I 2F1 



k-l,-l 
k + 1 



tan — 
2 



In its turn, the function f{(p'^,9'') = e''"'^''3r'(cos^^) (or /(0^) = ^i{cos9'')) are defined on the 
surface of dual sphere (1^ . Exphcit expressions and hypergeometric-type formulae for /(0^,6'^) 
are analogous to the previous expressions for /(v?^, 9'^). 

Spherical functions of the third type f{ip,9,ip) = e~'™''^P^„(cos6')e~'"''^ (or /(<^,0, x) = 
e~'™''^P^„(cos0)e~'"'^) are defined on the surface of the real 3-sphere S^ = SO(4)/SO(3). These 
functions are general matrix elements of representations of the group SO (3). Therefore, we have 
here representations of SO (4) restricted to the subgroup SO (3). Namely, 



+1 |SO{4) 
^ ^SO{3)" 



Y.®Q' 



(77) 



m=Q 



where spherical functions f{(p, 9, ip) of the representations Q™ of SO (3) form an orthogonal basis 
in the Hilbert space L'^{S^). Various expressions and hypergeometric-type formulae for /(v?, 9, ip) 
are given in [311 EO] • 

Pl^{cos9) ~ ^('"(y^,^) (or 



Finally, spherical functions of the fourth type /(y?. 



-irrnp 



/(?, 0) = e~'™'''P;"^(cos 0) ~ Yi^i^, 0)) are defined on the surface of the real 2-sphere. We have here 
representations T' igo(3) of the type (1771) . where associated spherical functions f{(p, 9) ~ Yi^{(p, 9) 
of Q™ form an orthogonal basis in L'^{S^). These representations are the most degenerate for the 
group SO (4). 
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4 Spherical functions of finite-dimensional representations 

of S0o(l,4) 

Let us come back to the de Sitter group S0o(l,4). It has been shown in the section 1 that 
spherical functions of the first type /(q) = OJl^„(q) = e~'"''^''3mn(cos6''')e~'"'^'' are defined on the 
group manifold ©lo of SOo(l, 4). With the aim to find an explicit form of hyperspherical function 
'5'^ni^os9'^) of the group SOo(l, 4), we will use the addition theorem defined by the formulae flMl) - 
(1671) . Let cos(6' + — ir) = cos(6''^ — ir) = cos 6''' and ip2 = 0, then the formulae (l65l) - (l671) take the 
form 

cos 6'^ = cos 6^ cosh r + i sin 6^ sinh r, 
sin O"^ cosh r — i cos 6'^ sinh r 



e"^ 



sin 6^9 



i(^+^) _ cosf coshf + isinf sinhi _ 

cos -j 



Hence it follows that (p = ip = and formula (l64l) can be written as 

3^Jcos^^) = J2 3;;,(cosr)^L(coshr), (7J 



fc= — cr 



where 3mn(cos6''^) is the hyperspherical function of the compact subgroup S0(4) (see the formula 

am): 



3;;fc(cosr) = J2 p:^ticose)p,i{cos, 



t=-a 



It is easy to verify that if we take cos(6' + — ir) = cos(0 + 0^) = cos 9'^ and (y92 = in the formulae 
dSSD^dSZl), then we arrive at the function 

cr 

3^„(cos0^) = J2 P^fc(cos0)3L(cosr), 

k=—cr 

where 

a 

3L(cosr) = J2 PH(cos0)^,^Jcoshr) 

is the hyperspherical function of the subgroup SOo(l, 3). In such a way, the hyperspherical function 
3mn(cos6''') can be factorized with respect to the subgroups S0(4) and S0o(l,3). 

Further, taking into account the expression for 3mfc('^os 9^), we can rewrite fl78|) in the following 
form: 

(7 U 

ymnicOs9^) =Y.Y. PU^Os9)P,l{cOSmLi^OshT). (79) 

k=~a t= — a 

Analogously, for the factorization oi ^'^^{cos 9'^) with respect to the Lorentz subgroup S0o(l,3) 
we have 



J2 $^P^fc(cos0)P;,(cos^)^^Jcoshr). 



k= — a t= — (7 



We consider here only the factorization of '^'^^{cos 9'^) with respect to the maximal compact 
subgroup SO (4). Thus, the formulae fl75]) and (17^ define a hyperspherical function of the de 
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Sitter group S0o(l,4) with respect to S0(4). Further, using (1^ . we obtain an exphcit expression 
for3:;„(cos0''), 



a u 



S^Jcos^") =J2Y1 i^+'^-^t^r^^ _ ^ ^ ^)r(^ ^ ^ ^ i)r(^ _ ^ ^ ^^^^^ + 1 + 1) x 



fc=— (T t= — a 



cos2'^-tan'"-*-x 



min(o--m,i+i) j2j |;g^^2j _ 

,..a£-.) r(j + i)r(a-m-, + i)r(a + t-, + i)r(m-t + , + i)" 

Vr(cT - A; + l)r(a + A; + l)r(a - t + l)r((T + t + 1) cos^'^ ^ tan'^"* ^x 



min(cr— fc,(T+£) j2s ^o-q2s 



E 



.=.„,„,-», ^(0 + i)r(a - * - . + i)r(<. + i - . + i)r(t - i + , + 1) 



,n— fe 



X 



r 



v/r(a - n + l)r((T + n + l)T{a -k + l)T{a + A; + 1) cosh^'' - tanh''^ '^-x 

mm{a-n,a+k) tauh^^ - 

2 /OQ\ 

r(p + l)r(a-n-p+l)r(a + k-p+l)r(n-k + p + l)' ^ ' 

p=max(0,fc— n) 

It is obvious that the functions 3mn(cos^'') can also be reduced to hypergeometric functions. 
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Namely, these functions are expressed via the following multiple hypergeometric serieqj : 



3™,„(cos0'^) 



-V^^ /,; ^ cos^'^ - cos^'^ - cosh^'^ -X 

T{a-m+l)T{a + n+l) 2 2 2 

y y r-' taiT-' - tan*-'^ ^ tanh'^-" - x 
^-^ ^-^ 2 2 2 

k=—a t=—a 



2^1 



m — a,—t — a 
m — t + 1 



tan^- I2F1I 



t — a, —k — a 
t-k + 1 



ts.n^-\2Fi\ 



k ~ a, —n — a 
k — n + 1 



tanh 



r 



2 ' 



m > t, t > k, k > n; (81) 



JmnA'^OS I 







2 



2o- '^ „„„2o- 



cos^''-cos^''-cosh^''-x 



2a 



2FA 



m — a,—t — a 
m — t + 1 



k=—cr t= — a 

- tan^ - 1 2F1 



'"+'=-2* tan™-* - tan'^-* ^ tanh^"'^ - x 



T 

2 



k ~ a,—t — cr 
k-t+ 1 



tan--|2Fi| 



k — a, —n — o" 
A; — n + 1 



tanh' 



r 



2 ' 



m > t, k>t, k>n; (82) 



3™,n(cos^'^) 



T(a-m+l)r((T + n + l) 



e 

2 



cos^''-cos2''-cosh^''-x 



r 
2 



y y i^-'" tan*-'" - tan'^-* ^ tanh"-'^ - x 
Z_^ Z_^ 9 9 9 



2^1 I 



t — a, —m — a 
t — m + 1 



k=—a t=—a 



- tan^ - I 2F1 



k ~ a,~t — cr 
k-t + 1 



tan--|2Fi| 



n — cr, —k — a 
n — k + 1 



tanh 



r 



2 ' 



t > m, k > t, n > k; (83) 



8Thehypcrsphericalfunctions3™„(cos6l'?) of S0o(l,4), 3Ln(cos6''=) of S0(4) and 3Ln(cos6''=) of S0o(l,3) can 
be written in the form of hypergeometric functions of many variables [3l lllj. So, the functions ^{^^^-^{cos 9'^) and 



3to„(cos6''^) can be expressed via the AppeU functions, 3mn(*^os^'^) ^ ^4 



ai 


02 










x^ 


■J:?. 


"3 


a4 







and 3Ln(cos6'=) 



F4 



ai 


0,2 










Xi 


y^ 


"3 


04 







, where xi = tan^6'/2, X2 — tan^ 0/2, yi = tanh^T/2. In its turn, the function 3^71(^08^ 



is reduced to the Lauricella function, 3m„(cos0'^) ^ ^3 



ai,a2,a3 
04, 05 



xi;x2;yi 



From the relations Spin(4) G 



a^Q ~ C?o,3, where Cio,3 is the algebra of double biquaternions with a double quaternionic division ring IK ~ H0H; 
Spin^(l, 3) e Q'l^s — C^3,0j where 6^3,0 is the algebra of complex biquaternions with a complex division ring IK ~ C; 
Spin^(l,4) g Clf^ ~ C?i,3, where C?i,3 is the space-time algebra with a quaternionic division ring IK ~ M, we 
see that there is a close relationship between hypercomplex angles of the group Spin^(p, q), division rings of dp „ 
from the one hand and hypergeometric functions of many variables from the other hand. A detailed consideration 
of this relationship comes beyond the framework of this paper and will be given in a separate work. 
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3™,„,(cosi 



cos^''-cos2'"-cosh2''-x 



T(a-m+l)r(a + n + l) 
V{a + m + l)V{a - n + I) ^"" 2 ^"" 2 

t-m ^ i-^^t-k V ^^^un-k ^ 



T 

2 



^^ ^^ 2 2 2 

k=~a t= — a 



2FA 



t — a, —m — a 
t — m + 1 



tan^ - I 2i^i I 



t — a, —k — a 
t-k + 1 






2)' 

t > m, t > k, n > k; (84) 



tanh 



Jm.nA'^OS I 



T{a + m + l)T{a + n + l) 2 2 2 



(J a 



E Z i" 



k=—a t=—a 



,r(a + A: + l) 
Via-k+l] 



e 

2 



tan*-'"^tan'=-*^tanh^-"-x 



r 

2' 



2i^l| 



t — a, —m — a 
t — m + 1 



tan^ - I 2i^i I 



k — a, —t — a 
k-t + l 



tan^^ I2F1I 



k — (7, —n — a 
k — n + 1 



tanh 



2 ' 



t > m, A; > t, A; > n; (85) 



3^,„(cos^^ 



T(CT-m+l)r(CT-n + l) . ^ .0 ,2^r 
V{a + m + l)V{a + n + l) 2 2 2 



a (J 

k= — cr t= — a 



2t—m—k 



2FA 



t — a, —m — a 
t — m + 1 



V{a + k + l) 
V{a-k+l) 

t — a, —k — a 



9 
2 



tan*-™ - tan*-'^ ^ tanh'^"" - x 



T 

2 



tan" - I 2F1 

2 / I t-k+l 



tan"^ I2F1I 



/c — o", — n — a 
k — n + 1 



tanh' 



r 



t > m, t > k, k > n; (86) 



3™,„,(cosi 



cos^'" - cos^'' - cosh^'' - X 



l Y{a + m + l)T{a + n + l) _,^ 9 _,^ _^,^ r 
Tia-m+ l)T{a-n + l] 

.T(a-k+l) 



EZ- 



m—k 



k= — a t= — c 



r(a + A; + i: 



tan™-*-tan*-'=^tanh"-^-x 



r 

2' 



2FA 



m — a,—t — a 
m — t + 1 



tan" - I 2i^i I 



t — (J, —k — a 
t-k + 1 



tan"- I2F1I 



n — (7, —k — 0" 
n — A; + 1 



tanh' 



r 



m > t, t > k, n > k; (87) 
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3;;„(cos^<^) 



T{a + m + l)T{a + n + I) 
T{a-m+l)T{a-n + l) 



9 
2 



cos^'" "- cos^'" ^ cosh^'^ - X 



r 
2 




,_2<r(a-/. + i) 



^m+k-2tt}y 2lX^ tan™-* - tan'^-* ^ tanh'^-'^ - x 



tan^- I2F1I 



k — a, —t — a 



k-t + 1 



-tan^- I2F1I 



n — a, —k — a 
TT, — /c + 1 



tanh 



m > t, k > t, n > k. 




As is known, matrix elements of finite-dimensional representations of S0o(l,4) are expressed 
via the functions /(q) = OJt^„(q) = e-^'"^'3^„(cose^)e-'"'^', where 3^„(cos^«) is defined by 
flHOl) or fl8T]) - fl88|i l. For example, let us calculate matrices of finite-dimensional representations at 



a = 0,1 1: 



Tol^",^'^,^") 



^9) 



Tl(^^^^^^) 



2 2 2 2 

22 22 



6^2^" y\ ,e 



hr 



2 2 



e 2 



e^^'SSie-s'^^ 



e-5-' 



2 2 



62^ COSyCz''' 



ie-2^ sm ye ^v 
01 



le 2^ svn^e^^ e ^f cos ye '^^ 



(90) 



r e vT- ■ e i. t ■ 6 . ■ ■ ■ -, t </> . • 6 ■ i. t ■ di] i(E+£+u+iiiJ+i)A— jx+ki;) 

COS 2 cosh 2 COS -J— sm 2 cosh -g Sin -^+18111 2 Sinn -J COS ^+1 COS 2 Sinn 2 sm -J £2^ 1 y- 1 ■*- ja, 1 1; 

cos 2 sinh J cos ^— sin = sinh J sin ^+isin 2 cosh -^ cos ^+icos ^ cosh J sin ^ e2t^+"~'!+"/'~'*'~JX~ ■;) 

[cos I sinh § cos I -sin | sinh f sin |+icos § cosh § sin |+isin § cosh § cos |] el (-=-=— '+iv-i'/'+Jx+kO 
[cos I cosh 5 cos l-sin f cosh ^ sin 4+icos | sinh ^ sin |+isin | sinh ^ cos |le2(-^-'=-'^-''^-'*+Jx-'";) 



(91) 



T,{^'',9^,ij'^) 



ml,_, ml,, ml,, 
ml_, ml 

mu ^\o 



m\. 






/ e'^' cos2 f e'^' 



\- 



1^^ Po^^ ^P'^^ -i^e''^" sin ^9 -e^^' sin^ f e-'^'\ 
-Tjsmy^e*"^" cos 61^ -^ sin 6'^e-''^'' 

-'^'sin^fe''^^ ^e-'^'sm9'^ e"'^' cos^ f e"'^' 



(92) 



where 



sin 9'^ = sin 9 cos cosh r + cos 9 sin cosh r — i cos ^ cos (p sinh r + i sin 6' sin (p sinh r, 
cos 9'^ = cos ^ cos 6 cosh r — sin 9 sin cosh r + i cos 9 sin (/) sinh r + i sin 6' cos sinh r. 



^The functions /(q) = S[n5^„(q) are eigenfunctions of the Laplace-Beltrami operator A/^(6io) = ^-P" defined on 
the group manifold 610 of S0o(l,4). An explicit expression for Ai(Sio) = —F is given by the formula 
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6'^ 



9 



T 1 



9 



T 



sm" — = sin -cos —cosh — I — sin 6* sin </> cosh r + cos -sin —cosh — 
2 2222 ^ 222 

i/.^ ^•0\.i 2^ 20-12''" •2^-20-,2''" 

sm - COS — h COS - sm — smh r — cos - cos — smh sm - sm — smh — , 

2V22 22/ 22 2 22 2' 



2^ 2^ 20 ,2''" I-/,-, , .2^-20 ,2''" 

cos — = COS - COS — cosh sm 9 sm m cosh r + sm - sm — cosh — h 

2 2222 ^ 222 

i/^.^ ^.0\., .2^ 20-, 2'^ 2^-20-i2''" 

H — sm - cos — h cos - sm — smh r — sm - cos — smh cos - sm — smh — . 

2V22 2 2j 22 2 22 2 

It is easy to see that Ti{(f'^,9'^,ilj'^) is the fundamental representation ( TT8l) of Sp(l, 1). 

Spherical functions of the second type f{(p^, 9'^) = M'^iif^, 9^, 0) = e-^™^'3^(cos^5), where 



a a 



3-(cos0^)= J2 $^i^™,(cos^)P,X(cos0)^^(coshr), 

k=—cr t= — a 

is an associated hyperspherical function of S0o(l,4), are defined on the surface of the quaternion 
2-sphere 5*^. 3™(cos^'') are eigenfunctions of the Laplace-Beltrami operator AiiS"^) = —F, 



(9^ (9 1 (9^ 



''' d9i^ 091 sin2^9 5(/?</2- 

Hypergeometric-type formulae for 3™(cos^'^) are 



3:r(cos^'' 



T(a + m + l) 
T(a-m + l) 



2(7 



9 



,2o- 



cos^'^-cos^'^-cosh^'^-x 



2u 



T 



V V 1"-'= tan™'* - tan*-^- ^ tanh^ -x 
^-^ Z-^ 2 2 2 

k=—a t=—a 



iF^\ 



m — a,—t — a 
m — t + 1 



-tan^^hFil 



t — a, —k — a 
t-k + 1 



- tan^ - I 2i^i I 



k — a, —a 
k + l 



tanh 



2 ' 



m > t, t > k; 



3^(cos0^ 



T(a + m + l) 
r((T-m + l) 



,2o- 



,2o- 



cos^'^-cos^'^-cosh^'^-x 



2o- 



r 



2F1 



m — cr, — t — cr 
m — t + 1 



k=—a t=—a 



tan^-|2Fi| 



m+A;— 2t j. m— t 



9 



k-t 



T 



tan""' - tan""' - tanh" - x 



k — a,—t — a 
k-t+ 1 



. k — a, —a 
tan" - I 2F1 , 

2 /' H fc + 1 



tanh , , 

2 y 

m > t, k > t; 
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3™(cos^'' 



Tfa-m + ll 



e 

2 



cos^'"-cos^'"-cosh2''-x 



T{a + m + l)~'' 2'^' 2 



T 

2' 



EZi' 



k=—u t=—a 



Tia-k + l] 



tan*"™ - tan''"* - tanh'' - x 



r 
2 



2^1 I 



t ~ a, —m — a 
t — m + 1 



e 



- tan^ - I 2F1 1 



k — a,—t 
k-t+l 



a 



tan^^ I2F1I 



k — a, —a 
k + 1 



tanh J , 
t > m, k > t; 



3™(cos^^) = , /^^^^^ COS- I COS- I cosh- I X 
iuT + m + 1 2 2 2 



E E i^'-'-'^fe^i^ '-""' ^ '-" I '-•>' ^ X 



k=—a t=—a 



iFA 



t — a, —m — a 
t — m + 1 



e 



tan^ - bi^i 



t — (7, — /c — a 
t-A;+ 1 



tan^ ^ 1 2F1 1 



k — a, —a 
k + 1 



tanh , , 
2 /' 

t > m, t > k. 



The latter formulae hold at any k when o" is an half-integer number. When a is an integer number, 
these formulae hold at /c = 0, 1, . . . , cr — l, cr. At k = —a, — a + l, . . . , we must replace the function 



iFA 



k — a, —a 
k + 1 



tanh — I via 2-^1 1 



-a, —k — a 
-k + 1 



tanh^ — j and tanh'' | via tanh ^ |. 



At m = n = we obtain a zonal hyper spherical function 3o-(cos^'') = 3oo(cos^'^) of the group 
S0o(l,4). Namely, 



3^ (cos 9'^) = cos- - cos- ^ cosh- - X 



2 2 



T 

2 



ZE 



1 



T(a-k + l] 



iFA 



t — a, —a 
t + 1 



k=—u t= — cr 

r. 9\ I k — a,—t — a 
tan^ - hi^i 

2/' H A:-t + l 



2 



tan* - tan'' * - tanh''' - x 



r 
2 



k — (7, —a 



tan - hFii 



r 



tanh — , k > t; 



2. d,, <P _.2a -r . 



3<x(cos 6'^) = cos^'" - cos^'^ - cosh^'^ -x 

^ay J 2 2 2 



y y .-k Tier -k + 1) e_ , , r ^ 



2F1I 



-a, —t — a 
-t+1 



k= — a t= — cr 

9 \ _ I t — a, —k — a 



tan" -]2Fi\ 



t-k+1 



tan^ ^ bi^i 



—a, —k 
-k+1 



a 



tanh^ - , t> k. 
2 /' - 



In its turn, the functions f{Lp'^,9'^) = e'™''^''3™(cos^^) (or f{9'^) = '^^{cos9'')) are defined on the 
surface of the dual quaternion sphere S"^. Explicit expressions and hypergeometric-type formulae 
for f{^'^,9'^) are analogous to the previous expressions for f{ip'^,9'^). 
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Spherical functions of the fourth type f{ip,6,tp) = Tl^,^{ip,9,ip) = e~'™'^P^„(cos6')e~"^'^ (or 
/(^, 0, x) = ^mni'^^^^x) = e~'™''P^^(cos0)e~'"'^) are defined on the surface of the real 3-sphere 
S^ = SO(4)/SO(3). Let L'^{S^) be a Hilbert space of the functions defined on the sphere S^ 
in the space M^. Since 5*^ ~ S0o(l,4)/P ~ K/M, then the representations of the principal 
nonunitary (spherical) series T^^a are defined by the complex number a and an irreducible unitary 
representation u of the subgroup M = S0(3). Thus, representations of the group S0o(l,4), which 
have a class 1 with respect to -ft" = S0(4), are realized in the space L^{S^). At this point, spherical 
functions of the representations Q"^ of SO (4) form an orthogonal basis in L^{S^). Therefore, we 
have here representations of S0o(l,4) restricted to the subgroup S0(4): 

m=0 

4.1 Spherical functions on the hyperboloid and their appUcations to 
hydrogen atom problem 

In 1935, using a stereographic projection of the momentum space onto a four- dimensional sphere, 
Fock showed [12] that Schrodinger equation for hydrogen atom is transformed into an integral 
equation for hyperspherical functions defined on the surface of the four-dimensional sphere. This 
discovery elucidates an intrinsic nature of an additional degeneration of the energy levels in hydro- 
gen atom, and also it allows one to write important relations for wavefunctions (for example, Fock 
wrote simple expressions for the density matrix of the system of wavefunctions for energy levels 
with an arbitrary quantum number n). In 1968, authors of the work [5] showed that Fock inte- 
gral equation can be written in the form of a Klein-Gordon-type equation for spherical functions 
defined on the surface of the four-dimensional hyperboloid. "Square roots" of the Klein-Gordon- 
type equation are Dirac-like equations (in the paper ^ these equations are called Majorana-type 
equations), or more general Gel'fand-Yaglom-type equations [13]. Equations of this type were first 
considered by Dirac in 1935 [8] . Here there is an analogy with the usual formulation of the Dirac 
equation for a hydrogen atom in the Minkowski space-time, but the main difference lies in the 
fact that Dirac-like equations are defined on the four- dimensional hyperboloico immersed into a 
five- dimensional de Sitter space. 

So, spherical functions of the third type /(e, r, e, cu) = 9Jl^„(e, r, e, to) = e~™''^^„(coshr)e~"*^^+'^^ 
are defined on the upper sheet H^ of the four-dimensional hyperboloid [x, x] = 1, where ^^„ (cosh r) 
is a Jacobi functior|^ considered in details by Vilenkin [31]. The functions 9Jl^„(e, r, e,u;) are 
eigenfunctions of the Laplace-Beltrami operator Al{H^) = —F defined on H^: 

[/\l{HX) - a{a + 3)] m^^^e, r, e, u) = 0, 



2 cosh T^—-— + 



where 








^LiHl) = 


d^ , a 1 


p2 


OT'^ OT smh T 


_9e2 


Or, 






r rf2 

dT^ 


, d rm? + 'n? — 2mr 

- cothr- — 1 5 — 

dr sinh r 


I cosh r 



ded{e + uj) d{e + ujf 



a((T + 3) 



^^„(coshr) = 0. 



^'^As is known, this hyperboloid can be understood as the four-dimensional Minkowski space-time endowed 
globally with a constant negative curvature. 

^^Representations of the group SU(1,1) ~ SL(2,M), known also as a three-dimensional Lorentz group, are 
expressed via the functions *P5^„(coshT). 
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After substitution y = cosh r this equation can be rewritten as 



(P d m^ + n^ — 2mny 

dy"^ dy y"^ 



{y' - 1)— + 2y- ^ + a{a + 3) 



'^'Lniy) = 0. 



Let us construct a quasiregular representation of the group S0o(l,4) on the functions f\x) 
from H^, where x = (e, r, e, u). Let L'^{H^) be a Hilbert space of the functions on the hyperboloid 
iJl with a scalar product 



oo oo oo oo 



(/i,/2) = [ fi{x)f2{x)dfi{x) = f f f /"^m^n(coshr)^^^„(coshr)e-2'"^-2«(-+^)sinhrrfrrferf£rfa^, 

H^ 

where dfi{x) is an invariant measure on H^ with respect to S0o(l,4). This measure is defined by 
an equahty dfi{x) = sinh rdrdededuj. In accordance with ( IT2l) the range of variables e, r, e, u is 
(— CX3, +oo), but we consider here the upper sheet of the hyperboloid; therefore, the range of these 
variables is (0, oo). A quasiregular representation T in the space L'^{H^) is defined by the formula 

nq)f{x) = f{q-'x), X e Hi. 

It is easy to show that this representation is unitary. However, T is reducible, and in accordance 
with Gel'fand-Graev theorem \]A\ is decomposed into a direct integral of irreducible representations 
T"" of the principal unitary series (a = —3/2 + ip, < p < oo). 

Analogously, a quasiregular representation of the group SOo(l, 4) in a Hilbert space L^(C^) of 
the functions on the upper sheet C^ of the cone C^ {C^ : x^ — x\ — x\ — x\ — x\ = Q, xq> 0) has 
the following form: 

T{g)f\x) = fig-'x), x G C^. 

This representation is unitary with respect to a scalar product 



(/i,/2) = / fi{x)f2ix)dp{x) 



cl 



defined on L^(C^). Here d/i^x) is an invariant measure on C^ with respect to S0o(l,4). This 
representation is reducible. Irreducible unitary representations of the group S0o(l,4) can be 
constructed in a Hilbert space of homogeneous functions on the cone [31] . 

Let us consider applications of the spherical functions /(e, r, e, u) to hydrogen and antihydrogen 
atom problems (about antihydrogen atom see [ID])- As it has been shown in the work [3] when 
the internal motion can be described by algebraic methods, as in the case of hydrogen atom, the 
proposed equation for the motion of the system as a whole (motion of the cm.) is equivalent to a 
Majorana-type equation, free from the well-known difficulties such as a spacelike solution. As is 
known, the Bethe-Salpeter equation for two spinors of masses mi and m2. 



(pi - mi){p2 - m2)^lj{pi,P2) = ^ / / Gipi,p2;Pi,P2)ij{Pi,P2)dPidp2, 
in the ladder approximation can be written as follows: 

(ciPW +p(^) -mi)(c2P(') -p(2) _^2)^p(p) = ^ I G{q)ijp{p + q)dq, 
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where 

P = Pl+P2, P = C2P1 - C1P2, 

Ci = mi/(mi +7712), C2 = m2/(mi +m2), 

the metric is gfj,^ = +1, —1, —1, —1, and the superscripts on P^*-* and p^^' refer to the 7 matrices. 
In this case, projection operators can be defined as 



,W 



A'i> = [S,{p)±IC,]/2S,{p), (93) 



where 



g,= [P^{m^-p^) + {p.py] 



21 1/2 



JCi 



miP(^) - iP^aW 



flU 



p^ 



/C, 



miP(^) + iP'^a^^Jp'' 



with 



^M^ 



r« = (l/2i)[7i^),7«]. 
Further, using the operators (l93l) . we obtain 

(p2 _ ^2 _ ^2)^(pT) ^ _(A«aJ) _ A(l)A(2))p(l)p(2) /■^'(pr _ /)y,(/)<5(/ .p)rf/, (94) 

where p^ = p^ — p^u^ is the transverse relative momenta, and p^ = p ■ u, u'^ = P^/|P|, 0(/) = 
j_ ilj{l,q^)dq^. The approximation 

A«Af - A«aL'^ = +1 
means that we take only positive-energy states for the constituents. On the other hand, the choice 

A«Af -A«aL') = -1 

would have meant taking only negative-energy states for the system and would correspond to 
charge conjugation for the cm. motion. 
Since A*^ = 1 is equivalent to 

}C. = £. = {m^-{pyY/'\P\, 
then the equation (^^ can be written as 

[p2 _ |p| (^^ ^ ^^ _ (/)2/2^)] y,(/) = p2 y G(p^ - l)^(l)S{l . P)dl, 

where 

mim2 

/i = ■ . 

mi + 1712 

In the case of hydrogen atom this equation has the form 

o2 



P\ - (mi + m2 - (p^) V2/i)] ^(P^) = \P\^I JpTZJy^i^ ' P)^il)dl 

Using the Fock stereographic projection [121 H] 

i^ = 2ap^{a^ -p^), S,i= {a^ +p'^)/{a^ -p^), /i = 0, ...,3, 

31 



(95) 



where p^ = p^p^ and a is an arbitrary constant, we will project stereographically the four- 
dimensional p-space on a five-dimensional hyperboloid. This projection allows us to rewrite the 
equation fl95|) in the form of a Klein- Gordon- type equation 



(p2-/C2)^P = (96) 

with 

K, = mi + 1712 — fte'^/2N, 

and A^^ is the operator D^ + 1, where D^ is the angular part of the four- dimensional Laplace 
operator, ^p(^a) form a basis for a representation of the de Sitter group S0o(l,4). A "square 
root" of the Klein-Gordon-type equation fl96l) is a Majorana-type equation 

[r ■ P - (mi + m2)N + eV/2Ar] ^p = (97) 

or, 

[r ■ P + (mi + m2)N - eV/2Ar] ^p = (98) 

where F-matrices behave like components of a five-vector in S0o(l,4). Equations (197|) and (!98|) 
describe hydrogen and antihydrogen atoms, respectively. 

In the equations (I96l) -(l98l ) the functions \E'p are eigenf unctions of the Laplace-Beltrami operator 
defined on the surface of the five- dimensional hyperboloid (more precisely speaking, on the upper 
sheet H^ of this hyperboloid for the equation fl971) and on the lower sheet ifl for fl98|) ). As it has 
been shown previously, this hyperboloid is a homogeneous space of the de Sitter group S0o(l,4). 
On the other hand, spherical functions \Efp are solutions of the equations (!96l)-( !98|) . that is, they 
are wavef unctions, and for that reason \E'p play a crucial role in the hydrogen (antihydrogen) atom 
problem. 

Let us consider in brief solutions (wavefunctions) of the Majorana-type equations (!97j) and (1981) . 
With this end in view we must introduce an inhomogeneous de Sitter group ISOq = SOo(l, 4) 0T5, 
which is a semidirect product of the subgroup SOo(l, 4) (connected component) of five-dimensional 
rotations and a subgroup T5 of five-dimensional translations of the de Sitter space M^'^. The 
subgroup T5 is a direct product of five one- dimensional translation groups Ti, T5 = Ti ® Ti ® 
Ti®Ti®Ti. At this point, each group Ti is isomorphic to the group M^ of all positively defined 
real numbers. At the restriction to if^, the maximal homogeneous space A^is = M^'^ x 610 of 
ISOo(l,4) is reduced to A^g = M}'^ x H^. Let P(x, e, r, e,u;) be a square integrable function on 
A^g, that is, 

\F\^d^xd'^g < +00, 




Hi n 



then in the case of finite-dimensional representations of SOo(l, 4) there is an expansion of P(x, e, r, e, uj) 
in a Fourier-type integral 



00 a 



P(x,e,r,£,^) = X; E /«;;„e'^^e-'"-"(^+-)q3;;„(coshr)rf^a;. 



(99) 



(7 = m,n = ~a rr^ 

-is 



where 



<.= ^ ^^"^^2^'^^ I / Pe-=^^^^Jcoshr)e-— (^+-)d^xA, 




Hi n 



and d^g = sinh rdrdededLJ is a Haar measure on the hyperboloid iff. 
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Further, let T be an unbounded region in R^'^ and let E be a surface of the hyperboloid H^ 
(correspondingly, S, for the sheet Ht), then it needs to find a function il^{g) = (V'p(fl')) V'p(fl'))^ 
in the all region T. tl^lg) is a continuous function (everywhere in T), including the surfaces S 

and S. At this point, ijjp{g)\^ = Fm{g), i^pig) . = Fmig), where Fm{g) and -Fm(fl') are square 

integrable functions (boundary conditions) defined on the surfaces S and S, respectively. 

Following the method proposed in [24l [25l [26l [28] , we can find solutions of the boundary value 
problem in the form of Fourier type series 

oo a 

^P =Y.llf^rnk{r) J2 <n'^:^ni^,r,e,u;), (100) 

(T=0 k n=—cr 

oo & 



where 



CT=0 fc 

f^Tn = TTT^ / FmTl'^^{e,T,e,uj)smh.TdTdededuj, 

lOTT^ J 

Hi 

(— l)"(2o" + 3) /" * ■ 
'^&h = TTT^ / FfnTl'^f^{e,T,e,uj)smhTdTdededuj. 



IQtt 



H" 



* 
The indices k and k numerate equivalent representations. 5[)T^„(e, r, 5,0;) (07l^.^(e, r, £,u;)) are 

hyperspherical functions defined on the surface S (S) of the four- dimensional hyperboloid H^ of 

the radius r (r*) (iif^ can be understood as a four- dimensional sphere with an imaginary radius r), 

famki^) ^^d f^mki^*) are radial functions. Taking into account the subgroup T5, we can rewrite 
the wavefunctions (IIOOI) and (1 10 II) in terms of Fourier-type integrals fl99|) (field operat 



tors . 



5 Spherical functions of unitary representations of SOo(l, 4) 

Spherical functions DJll^^{(p'^ , 9'^ , ip'^) , considered in the section 4, define matrix elements of non- 
unitary finite-dimensional representations of the group SOo(l, 4). Following the analogue between 
Spin_|_(l,3) ~ SL(2, C) and Spin_|_(l,4) ^ Sp(l,l), we can define finite-dimensional (spinor) 
representations of S0o(l,4) in the space of symmetric polynomials Sym^;.^^) as follow^: 



T,q{z,z) = {cz + dt+'^-\cz + d) q{ — ; = , (102) 

\cz + d CZ + dj 

where a,h,c,d E M., k = Iq + li — 1, r = Iq — li + 1, and the pair (/o,^i) defines an irreducible 
representation of S0o(l,4) in the Diximier-Strom basis [9| [22]: 

Mz I j',m',q,q;lo,m,li) = m' | j',m', g, g; /q, m, /i). 



^^As is known, any proper Lorentz transformation g corresponds to a fractional linear transformation of the 
complex plane with the matrix a ) ^ SL(2, C) [15] . In its turn, any proper de Sitter transformation q can 

be identified with a fractional linear transformation w = [az + b){cz + d)^^ of the anti-quaternion plane with the 
matrix , G Sp(l, 1) (about quaternion and anti-quaternion planes and their fractional linear transformations 

see [H]). 
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M± I j',m',q,q;lo,m,li) = [{f T m){j' ±m + l)]^ | j',m' + l,q,q]lo,m,h), 



P-i I f, m', q, q; Iq, m, h) = -a{j' + 1; q, q) [{]' + 1)^ - m^] ^ | j' + 1, m', g, g; Zq, "^, /i) + 

j'-l,m',g,g;/o,m,/i), 



+ .,... . .X 13 ,m,q,q;lo, m, /i) - a(j ; g, g) 



/(j' + 1) 



■/2 2 

J — m 



P± I j',m,q,q]lo,m,h) = 

= ±a(/ + l;g,g)[(/±m' + l)(/±m' + 2)]5 | / + l,m' ± 1, g, g; /o,m, /i) + 

+ 47-r^[(/Tm')(/±m' + l)]^ |/,m'±l,g,g;/o,m,/i)T 



J'(j' + 1 



Ta{j';q,q) [(j' =F "^')(j' =F "^' - 1)]' I f - l,m' ±l,q,q;lo,m,li), 



Po \j',m,q,q;lo,m,li) = a(g,g;/o,/i) [(g + j' + 2)(g - j' + l)]^ | j',m', g + 1, g; /q, "^, ^i) + 
+ a(g- l,g;/o,^i) [{q + f + l)(g- j')]' I j',"^',g- 1, g; ^o, "^, ^i)+ 
+ 6(g, g; /q, ^i) [{f - q) if + g + 1)]^ | f, m' , g, g + 1; k, m, h) + 

+ b{q,q- l;lo,h) [(j' + g)(j'-g + l)]^ I j',m',q,q- l;lo,mJi), 

where M± = Mi ± iMg, P± = Pi± iPa and 



a(j'; q,q) = - 

3 



{3'-q'){{q + ir-3n 



2 „-/2\n2 



a{q,q]k,h) 



b{q,q;lo,li 



(2j' + l)(2/-l) 
(g-/o + l)(g + /o + 2)((g + |)2 + /2 



4(2g + l)(g + l) 



4(2g+l)(g+l) 
The relations between the numbers Iq, /i and a, a are given by the following formulae: 

(/o, h) = (a, a + 1), (/o, /i) = (-cr, a + 1), 

whence it immediately follows that 

lo + h-l . lo-h + l 
a = , a = . 



(103) 



In the case of principal series representations of SOo(l, 4) we havqifl /i = — | + ip, p G M. Using 
formulae fl7^ . flHUl) and fll03p . we find that matrix elements of the principal series representations 



^^This relation is a particular case of the most general formula li — — ^(n — 1) + ip for the principal series 
representations of SOo(l, n) [5]. 
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of the group S0o(l,4) have the form 






^ ^ jm+fe-2yp(^^ - m + l)r(/o + m + l)r(/o - t + l)r(/o + t + 1) X 

k = — lQ t = — lQ 



n n 

cos^'" - tan'"~* - X 



min{io-m,Zo+t) i2i tan^-' - 

. ^ r(j + i)r(/o - m - J + i)r(/o + t-j + i)r(m - 1 + j + 1) 



X 



v/r(/o - A: + l)r(/o + A: + l)r(/o - t + l)r(/o + t + l) cos^'" 



■ tan" * - X 



min(/o-A:,/o+i) i^s ^^^28 Z 

Y 2 

V ,^ r(s + i)r(/o -k-s + i)r(Zo + 1 - s + i)r(A; - 1 + s + 1) 



X 



r(-i + ip - r2)r(-i + ip + n)r(-i + ip - /c)r(-i + ip + fc) cosh-3+2'^ ^ tanh"-'^ ^x 



E 



tanh^P - 
2 



p=max{0,fe— n) 



r(p + i)r(-| + ip - n - p)r(-| + ip + /c - p)r(n -k + p + r 



(104) 



From the latter expression it follows that spherical function /(q) of the principal series can be 
defined by means of the function 



_3_ 
mn 



-ip,io/_N __m,('f+iifl+kc~)->-2+'/'''o 



(q) = e-'"(^+'^+''^)3^^|"^''''"(cos^'?)e~"(^+^+^'^-J^\ 



where 



^-f+ip,Zo 
Jrran 



3 , :, 



k^—lo t^—lo 



Let us now express the spherical function Tlmn ' (q) of the principal series representations 
of S0o(l,4) via multiple hypergeometric series. Using formulae fll04p and (l8Tl) -(l82ll. we find 



^yyj.-|+ip,i0 



(a) = e^'^(«+i'/'+'<^f)-'^(e+'^+iV'-Jx)x 



/r(i„ + ,„ + i)rH + ip-„) ^^^„. e_ ^^^„„ 4> ^^^^,,«„ r 

r(/o-m + l)r(-i + ip + n) 2 2 2 



X 



EE 

2Fl\ 



-t ^ .^^t~k 'P ^_._i_A:-n ''" 



r-\ / ";^° - ' + \^";i + ^^ + ^1 tan-- ^ tan-"- ^ tanh^" L x 
r(/o + fc + l)r(-i + ip - A;) 2 2 2 



m — t + 1 



- tan^ - 1 2F1 



t — /q, —A: — Iq 



t~k + l 



■ tan - X 



2F1 



A; + I - ip, -n + I - ip 
/c — n + 1 



r 



tanh^ - I , m>t,t>k,k>n; (105) 
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mr 2" 



-ip,lo 



(a) = e~™(^+''^+'^'^)^"('^+^+'V'-Jx) ^ 



r(/-mo + l)r(-i + ip + n) 2 2 2 



^0 'o 

k=—lo t=— /() 



m+k-2t 



IT{lo-k + l)T{-l + ip + k) 
T{lo + k + l)T{-l + ip-k) 



tan 



m—t 



tan'^"* ^ tanh'^-" 



r 



■X 



2i^l| 



m — /o, —t — Iq 



m — t + 1 



2 /' H A;-t + l 



tan^ - I X 



iFi\ 



A; + I - ip, -n + I - ip 
k — n + 1 



T 



tanh^- , m>t, k>t, k>n; (106) 



^ 2+V''o/ \ _ ^-m(e+i<^+k?)-ra(e+a;+iV'-Jx) X 



r(/o - m + l)r(-i + ip + n) „, ^ „, , •^+'^i^ T" 



'() '() 



r(/o + m + l)r(-i + ip-n 



•k~m 



k^—lo t=— /o 



T(/o + A; + l)r(-| + ip - A;) 
r(/o-A; + l)r(-i + ip + A;) 



2 



tan*-™ - tan'^-* ^ tanh"-'^ - x 



r 
2 



2i^l 



t — /n, — m — /n 



to 
t — m + 1 

2-^1 



tan^ - I 2^1 1 



A; — tn, — t — in 



A;-t + l 



tan — X 



n + I - ip, -A; + I 
n — A; + 1 



iP 



r 



tanh^-), t>m, k>t, n>k; (107) 



mr 2" 



-ip.'o 



fq) = g-™(e+i¥'+kf)-«(e+^+iV'-Jx) ^ 



r(/o + m + l)r(-i + ip-n) 2 2 2 



X 



V^ V^ •2t-m-fc 
k=—lo t^—l{) 



2 2 



2i^l| 



r(/o-A; + l)r(-i + ip + A;) 



tan*-'^ ^ tanh"-'^ 



r 



■X 



t — m + 1 

2-^1 



tan^ - 1 2F1 



t- A; + l 



tan^ - 1 X 



n + I - ip, -A; + I - ip 



n — A; + 1 



r 



tanh^ - I , t > m, t > k, n > k; (10^ 
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mr 2" 



-ip,lo 



(a) = e~™(^+''^+'^'^)^"('^+^+'V'-Jx) ^ 



r(/o + m + l)r(-| + ip + n) 2 2 2 

E E i'- 

k = ~-lQ t=~lQ 



r(/o + ^ + i)rH + ip + .) ^^^_ . ^^^„_, ^^^^,_„ . ^ 



r(/o-A; + l)r(-i + ip-A;) 



2i^l| 



t — /q, — "m — Iq 



t — m + 1 



2^ \ „ I k - lo, -t - lo 
tan - I2F1 



9 



k-t + 1 



tan — 1 X 
2 



iFi\ 



A; + I - ip, -n + I - ip 
A; — n + 1 



r 



tanh^- , t>m, k>t, k>n; (109) 



^ 2+V''o/ \ _ ^-m(e+i<^+k?)-ra(e+a;+iV'-Jx) X 



r((„ + m + l)r(-i + ip + n) 2 2 2 



k^—lo t=—lo 



2Fl 



2t—m—k 



T(/o + A: + l)r(-| + ip + A;) 
r(/o-A; + l)r(-| + ip-A;) 



2 



tan*-™ - tan*-^ ^ tanh'^"" - x 



r 
2 



t — /n, — "n^ — In 



to 
t — m + 1 

2-^1 



tan^ - I 2i^i I 



t — /n, — k — Ir 



t-k + 1 



tan — X 



A; + I - ip, -n + I 
A; — n + 1 



iP 



r 



tanh^-), t>m, t>k, k>n; (110) 



mr 2" 



-ip.'o 



fq) = g-™(e+i¥'+kf)-«(£+^+iV'-Jx) ^ 



>r(i„ + ,„ + i)r(4 + ip + „) ^^^,, « ^^^„„ ^ 3,,, . ^ 

r(/o-m + l)r(-i + ip-n) 2 2 2 



k^—lo t=—lo 



2FA 



T(/o - A: + l)r(-| + ip - A;) 
r(/o + A; + l)r(-i + ip + A;) 

m — Iq, —t — Iq 



tan™-* - tan*-^ ^ tanh""'^ 



m — t + 1 

2-^1 



2 ^ , I t — Iq, —k — Iq 

tan^ - 2-^1 

2 /^ '\ t-A; + l 



tan^ - 1 X 



n + I - ip, -A; + I - ip 



n — A; + 1 



r 



tanh^-|, m>t, t>k, n>k; (111) 
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mr 2" 



-ip,lo 



(a) = e~'^(<=+''^+'^'^)~"('^+'^+'V'-Jx)x 



'nio + m + m-^ + ip + n) ^^^,, 9_ ^^^,, ,,,h---^ Ix 
r(/o-m + l)r(-i + ip-n) 2 2 2 



Jo ^ 



2Fl\ 



m+k-2t 



/r(/o-fc + i)r(-| + ip-fc) 
r(/o + fc + i)r(-i + ip + fc) 



2 



^n—k 



T 



tan'"-* - tan^-* -^ tanh"^ -^x 



m — Zq, — i^ — ^0 



m — t + 1 

2-^1 



tan - 2-r 1 

2/' M A;-t + l 



n + I - ip, -A; + I - ip 
ra — fc + 1 



tanh 



r 



tan — 1 X 
2 



m>t,k>t,n>k. (112) 



Spherical functions of the second type f{ip'^,6'') = OJt^a . (y^'^, 6''', 0) of the principal series 
are defined as 

^-f+ip,J^''^''0) = ^"''""'3-3^,,,Jcos^'), 
where 

'o ^0 



k^—lo t^—lo 



-|+ip,Jo^ 



Hypergeometric-type formulae for the functions f{(p'^, 6'^) follow directly from (11051) to (11121) at 
n = 0. 

— -l-i jO 

Spherical functions of the third type f{e,T,e,uj) = Tlmn {e,T,e,uj) for the principal series 
representations have the form 



The hypergeometric-type formulae are 



-3,i„ / , \ T(ip + m — ^)T(ip — n — ^ 



i-mn V^' ')■-;' 



r(ip - m - |)r(ip + n - |) 

cosh---'' L tanh-" r_Jm-ip-i-n-ip-l 
2 2 \ m — n + 1 



2 ''" 
tanh — I , m > n; 



^ml (e, r, e, uj) = e 



-me—n{e+uj) 



T(ip + n-|)r(ip-m-|) 
r(ip — n — |)r(ip + m— \ 



■X 



r 
2 



2^" V-r I ■'■' 2' 
1 



q I T / r n — \p — t;, —m — ip — 77 

COsh-=^+2ip ^ ^g^^j^n-m _^ i;. I /^ 2 ' I" 2 



2F^ 



n — m + 1 



tanh 



n > m. 



ip.'o , 



In like manner we can define conjugated spherical functions /(q) = 9?l^^ ' (q), f{(p'^,6'^ 



9Jt™3_. ^ (0^, 6''', 0) and f{e,T,e,uj) = $H^^ (e, r, e,ci;), since a conjugated representation of 
S0o(l,4) is defined by the pair ±(/o, — ^i)- 
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